ARMEB  SEfiVICES  TECHNiaL  INFWION  ifXM 


NOTICE:  Vftien  government  or  otner  draviogs^  speci* 
flGations  or  other  data  are  used  for  any  purpose 
other  than  in  coaneGtloa  with  a  definitely  related 
government  procurement  operation^  the  Ui  Bi 
iGoverament  therehy  Incurs  no  responslhility>  nor  any 
ohligation  T.matsoeverj  and  the  fact  that  the  Govern* 
ment  may  have  formalated,  fumished,  or  in  any  way 
supplied  the  said  drawlngs>  speclfleatloas>  or  other 
data  Is  not  to  he  regarded  hy  implication  or  other* 
wise  as  In  any  manner  licensing  the  holder  or  any 
other  person  or  Goi^oration>  or  conveying  any  rights 
or  permission  to  manttfacture>  use  or  sell  any 
patented  invention  that  may  in  any  way  be  related 
thereto. 


Contract  Nonr*  1866  (32) 


NR  371*016 


THEORY  OF  RADIALLY  STRATIFIED  MEDIA 

PART  1.  THl  BICONICAL  ANTlNNA  IN 
A  RADIAUY  STRATIFIED  MEDIUM 


By 

Jokn  O.  Fikipris 


January  2,  1963 
Teeknieal  Report  No,  390 


Cruft  Laboratory 
Harvard  University 

Cambridge,  Massacbusetts 


Office  of  Naval  Research 
Contract  Nonr ‘  1  32) 

NR  -  371  *  016 

Technical  Report 

_  On.  - 

THEORY  OF  RADIALLY  STRATIFIED  MEDIA 
Part  L  The  Biconical  Antenna  in  a  Radially  Stratified  Medium 


by 

John  G.  Fikioris 


January  Z,  1963 


The  re$earch  reported  in  this  document  was  supported  by  Grant  20225 
of  the  National  Science  Foundation,  Publication  was  made  possible 
through  support  extended  Cruft  Laboratory,  Harvard  University,  by  the 
Navy  Department  (Office  of  Naval  Research  ),  the  Signal  Corps  of  the 
U.  S.  Army,  and  the  U.  S.  Air  Force  under  QNR  Contract  Nonr-^1866 
(32),  Reproduction  in  whole  or  in  part  is  permitted  for  any  purpose  of 
the  United  States  ^vernment. 


Technical  Report  No.  390 
Cruft  Laboratory 
Harvard  University 

Cambridge,  Massachusetts 


The  aumes^lcal  compytations  were  doae  at  the  Gomputatien 
Gentep  at  MlTj  Gambrldge#  MassaGhusetts. 

The  author  wishes  to  thaak  the  staff  of  the  Gen ter  for  their 
generous  allotment  of  oomputer  time  and  its  further  extensions 
‘^at,  inevit^]!^  ,  became  necessary  *  _ 

Mr^  E.  Rising  and  his  assistants  for  drawing  all  the 
figures i 

His  wife  for  typing  the  first  draft  and  for  her  unfailing 
enoom'agement  during  the  long  months  that  the  research  was  under 
way. 

Professor  f.  T*  Wu  ^d  Dr.  Seshadri  for  useful  discussions 
and  suggestions. 

His  fellow  students  whose  interest  in  this  work  and  truly 
aeademic  spirit  made  research  at  Harvard  an  unforgettable  expe« 
rlence. 

And  finally  Professor  R*  W.  P.  King  whose  advice  and  conti¬ 
nuous  encoiiraganent  made  the  completion  of  the  thesis  possible. 


ii 


TABLE  OF  CONIINTS 

Page 

PRlFAGE  *  .  .  .  . . . .  i 

TAILE  OF  GONfENTS’  .  . . .  .  11 

LIST  OF  FlGtJ^S  .  . . iv 

SYNOfSIS . . . vl 

PART  I:  Tfffi  ilGONlGAL  ANfaiNA  IN  A  RADIALLY  smTIFlED 

MEDltM  * .  1-1 

GHAPfER  1;  FORMULATION  OF  THE  PROBLM .  1-1 

Introdiictlon  ......  . .  1-1 

Maxwell's  Equations  in  a  Radially  Stratified  Medium  1-4 

TM  Spherical  Waves  .  1-S 

TE  Spherical  Waves  .........  .  1-7 

TEM  Spherical  Waves .  1-7 

Discussion  of  the  Radial  Equations  .........  I-IO 

GHAPTER  2:  THE  BIGONlGAL  ANTENNA  imERSED  IN  A  RADIALLY 

STRATIFIED  MEDIUM . 2-1 

Infinite  Blconlcal  Antenna  .  .  2*5 

Finite  Blconlcal  Antenna  of  Electrical  Length  t. 

Field  Expressions . 2-S 

Matching  of  the  Fields.  Input  Admittance  ....  2*11 

Small-Angle  Blconlcal  Antennas  .........  2-13 

Wlde-i^gle  Blconlcal  Antennas  .  . . 2-17 

CHAPTER  3:  NUMTOiGAL  COMPUTATIONS .  3-1 

Introduction  ....................  3-1 

Case  I  . . 3-1 

Cases  II  to  V  ........  . .  3-2 

Case  VI  ........  . . 3-5 

Discussion  of  the  Results  and  Conclusions  .....  3-7 

PART  II:  ASUIPTOTIC  BCPANSIONS  OF  SOLUTIONS  OF  DIFFSHM- 

TIAL  EQUATIONS . .  1-1 


Ill 

Page 

GMAfTH  1:  SOLUflOK  OF  fiS  SADIAL  DiPFEmflAL  EQUATION 

FOF  TM  WAVES  ••••fta**********  1^1 

Convergent  Series  Solutions  Around  x  =  0  *  .  .  ^  »  1*1 

Analytic  Gontlnuation  of  R^^Cx),  Rg(x)  In  the 
Rlght*"Half  x**Flane  ••••••••  ••#••••  1*3 

Sv'fl  Is  Etual  to  an  Integer  *  ^  i  ^  »  1*8 

Analytic  Continuation  of  Rg(x)  In  the  Rlght*Malf 
x*flane  *  .  i  .  *  .  *  .  ^  .  l-lj 

Asyffiptotic  Solutions  R^(x),  R^(x)  Around  x  s  oo  .  .  ,  I-I9 
CHAPTER  2:  ASYMPTOTIC  EXPANSIONS  OF  R3^(z),  Rg(z)  FOR 

IjAROE  |z|  a.  2*1 

Introduction  ^  ^  .  2-I 

Theorem  1 . 2*2 

Theorem  VI  ...........  .  2*3 

Solution  of  the  Associated  Difference  Equation  .  .  .  2*5 

Ndrlund ' a  Theorem  ................  2*17 

Asymptotic  Expansions  of  R^(z),  RgCz)  for  Large  \z\  2*21 

Determination  of  the  Coefficients  of  the  Linear  Re* 
latlons  ...............  .......  2*33 

The  Adjoint  Difference  Equation  .........  2*38 

2v+l  Is  Equal  to  an  Integer . 2*52 

Asymptotic  Expansion  of  RgCi^)  Large  |zl  ...  .  2*T>2 

Determination  of  the  Coefficients  of  the  Linear 
Relations  .............  ....  ...>  2*81 

CHAPTER  3:  REMAIN  AND  aENBUU;.I^TIQNS .  3*1 

3  ISLlOG'RAPHir  i 


Iv 

LIST  OF  FiaURES  * 

PART  I 
GHAPflR  I 

Fig.  1-1.  General  form  of  tne  "atratifleation  function". 

Fig^  1-24  Geometrical  configuration. 

Fig.  1-3.  Slngularitleo  of  equation  (1«50)  in  the  x-plane.  _ 

OliAPT®  3 

Fig.  3-1.  variations  of  T(r)  and  ^(r)/e^  vs  y  =  cojue^TS  r 
in  media  II  to  Vl. 

Fig.  3*2.  Thin  antannas.  ^  GT+iST,  in  Ohms  vs  t. 

Media  I  to  vi. 

Fig.  3*3.  Thin  antennas.  Rj^+iX^  in  Ohms  vs  t,  in  Medium  I. 
Fig.  3*4.  Medium  I.  Wide«angle  antennas.  ^lo'*’^io 

Ohms  vs  i*  for  ©^=  3^.23^  * 

Fig.  3*5*  ©Q-  1/20°,  Media  II  to  VI.  2^=  Rj^iX^  Ih  Ohms  v$ 

tm  r^. 

Fig.  3*6.  ©^=  1/4°,  Media  It  to  VI.  R^^iX^  in  Ohms  vs 

^  =  ®^H6q78  r^. 

Fig.  3*7.  ©qS  1°,  Media  II  to  VI.  Z^m  Rj^^lXj^  in  Ohms  vS 
t  r^. 

Fig.  3*8.  ©Q^  2°,  Media  II  to  VI.  Rj^+iX^  in  Ohms  vs 

t  =  a||iCg78  Tq. 

Fig.  3*9«  ®Q-  30°,  Media  II  to  VI.  2^^^=  Rio+iX^^g  in  Ohms  vs 

t  =  mJSejl  r^. 

’  o  o 

Fig.  3*10,  0^=  55°,  Media  II  to  VI,  Rip+iX^g  in  Ohms  vs 

4  =  ®Jii6^78  r, 

"  o  0 

*A11  figures,  except  the  last,  are  found  at  the  end  of  their 
respective  chapters. 


V 


Pig.  3-11.  0^=  70®^j5edla  II  to  Vl. 

^  =  a> J.|i 6  78  r.. 

’  O  O' 

Pig.  3»12.  Medium  II*  0^=  39.23°.  and  Z^^  = 


in  ohms  vs  i  -  cume  fB  r  . 

*  0  0 

Pig. 

3-13. 

Medium  III 

,  8^,=  39.23°.  md  Zjj  = 

=  Rj^^+iXj^^ 

in  ohms  vs  ^  =  miue  78  r^. 

1^0  0 

Pig. 

3-14. 

Medium  IV* 

39.23°.  Zjo*  Rt6*“i6  hi  * 

"  ^il'^^il 

in  Ohms  vs  t  =  miue  78  r  . 

*  0  G 

Pig. 

3-15. 

Medium  V,  < 

39.23°.  %o‘*‘lXi6  hi  ^ 

"  ^il'^^il 

in  Ohms  va  i  ^  CDiud-fS  r,. 

'  0  0 

Pig. 

3-16. 

Medium  Vl* 

e^«  39.23°.  Ri6*«l6  ^11  = 

"  Rfi^i^il 

in  Ohms  vs  /  =  ai^\ie^7&  r^. 

PART  II 
CHAPTER  1 


Pig.  1-1.  conformal  mapping  of  x..plane  on  to  t-plane 
according  to  (1-13) > 

CHAPTER  2 

Pig.  2-1.  Integration  paths  tor  v^(y),  VgCy). 

Pig.  2-2.  Integration  paths  for  v^Cy).  v^(y). 

Pig.  2-3.  Integration  path  L^. 

Pig.  2-4.  Integration  path  for  N^Cy). 

Fig.  2-5.  Integration  paths  for  N^(y).  N^(y). 

Pig.  2-6.  Integration  paths  ty  for  N^(y),  N^(y) . 

CHAPTER  3 

Pig.  3-1.  More  general  forms  for  <^(x).  Page  3-3 


SYNOfSIS 

ElectromagnetiG  fields  in  Inhomegeheous  and  dissipative 
media  have  attracted  Gdnsiderahle  attention,  fuch  media  ane  oha- 
racterlzed  in  genenal  by  a  dielectriG  constant  e  and  a  Gondueti** 
vity  O'  that  vary  with  the  Goordinates  y,  z.  Examples  are  to 
be  found  in  the  field  of  inhomogeneous  plasma,  in  tniderwater 
GommiMiGatioa,  in  E.  Mi  leases  and  ih  a  study  of  antennas  used 
as  probes  in  suGh  media » 

This  researe,!  is  res  trie  ted  to  radially  strarified  media 
with  € “  ^(r),  o  =  o(r) ,  where  r  is  the  radial  distance  in  sphe- 
rioal  Goordinatesi  in  these  coordinates  Maxwell's  equations  are 
still  Separable  if  the  Gomplex  dieleGtrie  faotor  I  =  e  -io/co  = 

=  e^f(r)  depends  only  on  r.  The  angular  equation  is  not  affected. 
However,  the  radial  equation  is  no  longer  the  spherical  Bessel 
equation  of  the  homogeneous  casei  Its  Goeffioients  depend  on  the 
''stratification  function"  f(r)  and  contain  additional  singularii^ 
ties  in  the  complex  r'«iplane.  The  biGonieal  antenna  is  the  most 
general  problem  that  can  be  encotaitered ;  it  requires  the  solution 
of  the  Gomplleated  radial  equation  from  r=0  to  rseo.  The  theory, 
nevertheless,  is  readily  applieable  to  all  electromagnetic 
problems  arising  in  the  presence  of  such  media. 

For  the  stratification  function  f(r)  the  following  form 
was  considered:  f(r)  ^  (r+a)/{r+b),  where  a  and  b  are  constants, 
in  general  complex.  Even  this  simple  dependence  introduces  two 
new  finite  singularities  in  the  radial  differential  equation 
beyond  the  usual  singularities  at  r=0  and  r=po,  Purthermore,  it 
has  been  proved  that  the  analysis  can  readily  be  extended  to  more 
general  types  of  f(r). 

The  antenna  problem  requires  the  analytical  solution  of  the 
radial  wave  equation  inside  and  outside  the  antenna  and  the 
matching  of  the  £•  M>  fields  across  the  spherical  surface 


vii 

containing  the  antenna*  Series  BGlntions  R|(x),  Rg(x)  around  x=0 
and  asymptotic  solutions  R^(x)  ,  R^(x)  around  xis  eC  of  the  second-^ 
order  differential  equation  are  found  first*  For  computational 
purposes  and,  mainly,  for  reasons  of  matching  the  linear  con-^ 
neeting  formulas  hetween  the  two  sets  of  solutions  (around  x=o 
and  xsoo  )  of  the  equation  must  he  found  *  They  provide  the  analy- 
tic  eontlnuation  of  R^(x),  R2^(x)  in  the  vicinity  of  x=0  and  the 
^asymptotic  expansions  of  R^(x)  ,  for  large  :|x| .  The  coas-tairt 

coefficients  of  the  linear  connecting  formulas  are  found  hy 
solving  the  associated  difference  equation  and  its  adjoint* 

A  generalization  of  Ford's  method  (refereace  ?  in  the  BIBLIO 
GRAPHY) ,  concerning  the  asymptotic  expansions  of  solutions  of 
differential  equations  with  polynomial  coefficients  and  with 
three  or  more  regular  singular  points  and  one  irregular  at  infi#* 
nlty,  was  arrived  at*  it  was  then  extended  to  the  special  hut 
important  case  of  integral  values  for  the  difference  of  exponents 
of  the  differential  equation,  thus  providing  the  complete  asympto 
tic  expansion  of  the  second,  logarithmic  solution  of  the  equation 
Explicit  formulas  for  the  evaluation  of  the  constant  coefficients 
of  these  expansions  have  heen  developed;  each  coefficient  depends 
only  on  a  single  solution  of  the  adjoint  difference  equation 
associated  with  the  original  differential  equation* 

Nxffiierlcal  computations  were  performed  on  an  IBM  7Q9Q  compu* 
ter.  Six  different  cases  of  stratified  media  were  considered, 
five  of  them  dealing  with  dissipative  media*  In  each  case  the 
input  impedance  of  the  hlconlcal  antenna  was  computed 

and  plotted  for  eight  different  cone  angles!  1/20°,  l/4°,  1°,  2°, 
30°,  39*23°,  35°,  70°*  The  electrical  length  of  the  antenna  was 
varied  from  0  to  7  (in  certain  cases  up  to  9  or  11). 

Concerning  the  antenna,  all  effects  of  dissipation  and 
stratification,  expected  on  physical  grounds  and  observed  expo* 
rimentally  for  dipole  antennas,  were  clearly  exhibited.  General 
conclusions  coiQ.d  be  drawn  regarding  the  behaviour  of  ^e  antexma 
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ifi  such  media  by  mere  inspeetieh  and  comparlsdn  of  the  graphs 
in  different  cases. 

From  the  mathematlGai  point  of  view  the  results  of  the 
computations  completely  verified  the  theory  and  established  its 
capability  to  yield  accurate  numbers,  in  the  overlapping  region 
between  convergent  and  asymptotic  series  representations,  agrees 
ment  of  4,  even  S,  deelmals  was  obtainedi  with  single  precision 

(8*decimal)  arithmetic 4  fhe  coefficients  of  the  asymptotic _ 

expansions  were  computed  with  an  accuracy  of  4  to  6  decimals. 


PART  1 

THE  ilCONICAL  ANTENNA  IN  A 
RADIALLY  STRATIFIID  MEDIUM 


CHAPTiR  1 


FORMllATidN  OP  THE  PRGBUEM 


INTRODUCTION 

THis  feaearch  ia  Goncefnad  with  the  aolutlon  of  the 
following  apeclfic  problem  : 

"  The  behaviour  of  a  biconlcal  antenna  lameraed  in  a 
radially  and  continuoualy  atratified  medium. " 

It  ahould  be  emphaaized  from  the  start,  however,  that  the 
investigation  is  by  no  means  restricted  to  the  blconical  anteima. 
Primarily,  it  is  concerned  with  the  theory  of  radially  and 
continuously  stratified  media  and  can  be  readily  applied  to  all 
electromagnetic  problems  arising  in  the  presence  of  such  media. 
Examples:  Radially  stratified  electromagnetic  lens,  E.M.  wave 
propagation  in  such  media,  scattering  by  a  spherical  object 
itself  radially  stratified,  etc.  In  this  connection,  it  can  be 
observed  that  the  biconlcal  antenna  is  the  most  general  problem! 
in  the  following  sense:  It  requires  the  solution  of  the 
differential  equation  for  the  radial  function  in  the  whole 
interval  Q^r^^,  when,  as  assigned  here,  the  stratification 
extends  from  r  =  O  to  r  =90,  it  will  be  seen  that  this  leads 
to  the  necessity  of  determining  asymptotic  expansions  for  the 
solutions  of  the  radial  equation  valid  in  the  neighborhood  of 

1^1 


1“2 

i?=Os  not  siinply  for  reasons  of  Gomputation  Put  mainly  beGause  of 
the  problem  of  matching.  In  Gontra3t<,  such  GompliGations  do  not 
arise  in  a  lens  problem  for  example,  c.  f.  fai,  in  his  paper  on 
Luneberg  lens  (1  pp^  123=124),  obtains  a  series  solution  for  the 
radial  fimction  Gonvergent  for  while  the  values  of  p, 

in  this  casei  never  exceed  p  .  so,  the  series  solution  around 

cl 

psO  is  completely  adequate.  For  the  biconical  antenna,  however, 
we  essentially  need  the  analytic  continuation  of  the  selutlons 
in  the  whole  interval  04  fhese  statements  will  beGome 
clear  later  in  the  paper  and  in  the  Gourse  of  developing  the 
theory . 

It  can  be  argued  at  this  point  that  the  biconical  antemia 
does  not  require  the  solution  of  the  radial  equation  for  fl 
waves,  since  only  tm  and  fEM  waves  are  involved.  It  will  be  seen, 
however,  that  the  differential  equation  for  the  radial  TM  funGtidn 
is  more  general  than  the  equation  corresponding  to  Tl  waves. 

After  Obtaining  these  equations,  a  discussion  relative  to  this 
point  will  be  included. 

As  a  general  outline^  the  paper  is  divided  into  two  Pi^TE. 

In  PAiT  I,  Chapter  1  deals  with  the  fomulation  of  the  problem; 
Chapter  2  with  the  specific  problem  of  a  biconical  antenna  in  a 
radially  stratified  medlxmii;  Chapter  3  includes  and  discusses 
nimierical  results  obtained  in  a  number  of  cases.  The  Gompiete 
mathematical  analysis  is  developed  in  PART  ZI,  divided  into 
three  chapters*  In  Chapter  1  series  expansions  of  the  functions 
involved  are  obtained;  Chapter  2  is  concerned  with  their  asympto^ 
tic  expansions  and  Chapter  3  contains  remarks  relative  to  the 
theory  developed  In  the  previous  chapters  as  well  as  possible 
generalizations. 

The  complexity  of  the  problem  depends  exclusively  on  the 
"stratification  fvmction"  f(r),  where 

C(r)  =  €f(r)  ,  K^(r)  saSa(r)  =  K^f (r)  (1-1) 

Solutions  have  been  obtained  in  various  cases  for  certain  simple 


1*3 

funGtlons  fCr*)  and  cmi  be  found  In  tbe  literatunei  Many  of  them 
are  fflentloned  in  referenGee  1  and  2  in  the  ilBLlOORAPHY.  This 
researGh  is  also  GonGemed  with  a  simple  form  for  f(r).  It 
represents  a  type  of  variation  shown  in  figure  (l»l)*  f(r)  starts 
from  finite  values ^  greater  or  less  than  1,  at  r=o  and  eonti- 
nuously  approaches  the  value  1  at  r=oci  it  will  be  seen  that 
such  a  form  is  more  general  and  more  oompli Gated  than  all  Gases 
Gonsidered  up  to  the  present*  on  the  other  hand,  a  variation 
such  as  the  one  shoim  in  figure  (1-1),  so  loosely  defined  by  the 
above  requirements,  oan  be  represented  by  an  infinite  number  of 
fiMGtional  forms.  iMf ortunately ^  Gomplete  solutions  can  not  be 
obtained  in  the  general  case.  Here,  one  of  the  simplest  forms  for 
f(r)  was  Ghosen,  satisfying  the  above  requirements.  Namely: 


f(x) 


x»a-. 

x+b 


G 

x^b  * 


(1-2) 


where  a,b  are  constant  parameterB,  in  general  complex,  and 

c  =  a-b  .  (1-3) 

A  complete  solution  of  the  problem  was  obtained  in  this 
case.  The  parameters  a  and  b  provide  f(r)  with  the  flexibility 
to  fit  a  great  number  of  variations  in  acGordance  with  the 
requirements  of  figure  (l-l).  And,  most  important,  despite  this 
severe  restriction  on  the  form  of  f(r),  the  analysis  that  follows 
permits  an  insight  into  the  complexity  of  the  problem  and  the 
type  of  complications  that  are  introduced  as  f(r)  becomes  more 
conplicated  and  general  in  form.  In  fact,  it  will  be  seen  that 
the  ^alysis  of  this  case  is  readily  applicable  to  three  other 
types  of  f(r)  of  a  similar  functional  form.  Furthermore,  the 
analysis  shows  by  itself  what  kind  of  generalizations  in  the 
form  of  f(r)  can  be  introduced  without  rendering  the  method  of 
solution  inapplicable,  piscussions,  relative  to  these  statements, 
are  given  at  the  appropriate  stages  of  the  analysis. 
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lOXV^'S  EQWIdNS  IN  A  RADIAII.Y  SimAfINlED  MSDItN! 

In  the  time  periodic  eaie  with  asBumed  tine  dependehee 
aad  in  a  radially  stratified  and  generally  dissipative  medinnj, 
Maxwell ^s  equations  ares 

^  X  i  =  «i®pfl  (1-4) 

^xg  =  ia^(r)fi  (1-5) 

The  boundary  conditions  between  the  mediuoi  and  a  perfect  conductor 
(in  which  fi.  =  S.  =  0  )are  (3  p*  366) s 

G  G 

n  X  f  =  0  (1-6) 

n  .  fl  =  0  .  (1-7) 

{i,  the  absolute  pemeabllity  of  the  medium ,  is  considered  real 
and  constant.  ^  .  the  complex  dielectric  factorp  is  given  by 
(3  p*  366) 8 

1  s  €  (1-lc/ae  )  s€-lcr/a  (1-8) 

and  is  here  considered  to  be  a  function  of  the  radius  r.  Thus 
^=s'|(r).  More  specific  definitions  will  be  given  later. 

We  now  express  Maxwell’s  equations  (1-4); (1-5)  in  spherical 
coordinates  r,6»^  «  if  variations  with  respect  to  ^  are  not 

involved;  i.e.  if  ^  0  ;  we  obtains 


^(sinG  1^)  ^  -icpursinG 

(1-9) 

^(rN.)  =  laprHg 
•^(rEg)  «  -  »l«|irH^ 

(1-lQ) 

(1-11) 

^(sinG  H^)  ^  i®^(r)slnG 

(1-12) 

^(rH^)  ^  -l®^(r)rE0 

^(rH^)  *  -  l®^(r)rS^  . 

(1-13) 

(1-14) 

UB 

The  case  conslde^^ad,  ^  Gdrfespdads  to  the  specif ic 

prohlem  of  a  stz^ai^t  blconlcai  anterma*  placed  at  the  center  of 
the  spheriGally  stratified  medlufflr  eoincidlngi  naturally i  with 
the  origin  of  the  spherical  coordinate  system  r*©,^  as  shown  in 
figure  (l«g).  No  loss  of  generality  is  introduced  oy  considering 
this  special  case.  It  will  be  seen  In  a  short  whiles  that  the 
only  modification  introduced  by  the  radial  stratification  appears 

in  the  radial  equation.  The  angular  functions  satisfy  the  same  _ 

equations i  which  would  be  obtained  if  the  medium  were  considered 
homogeneous j  i«ei  if  f(r)  =  i.  Ihese  results  are  also  valid  in 
the  general  case  of  three-dimensional  variations^  see  for 
example*  references  1  and  2*  where  the  equations  satisfied  by 
the  electromagnetic  field  associated  with  a  radially  stratified 
medium*  are  obtained  by  solving  directly  the  vector  wave  equation 
in  the  most  general  case.  The  general  analysis  verifies  the 
statements  made  above*  Furthermore*  it  yields  the  same  radial 
equations  for  fM*  TE  and  waves  ss  can  be  obtained  by  solving 
the  simplified  equations  (1-9)  to  (1-14). 

These  equations  separate  Into  two  sets.  The  first* 
containing  equations  (1-11) * (i-l2)  and  (1-15)*  Involves  Fq* 

Sp  only  and  corresponds  to  TM  waves*  The  second,  containing 
equations  (1-9) * (l-lO) * (1-14) *  involves  E^*  H^*  Only  and 
corresponds  to  TE  waves. 


TM  Spherical  Waves :  Equations  (1-12) * (1-15)  express  S_  and 


Eg  In  terms  of  H^.  Substituting  in  (l-ll)  we  obtain: 
^r_i _ ^/rH  )1+  ^  f  ^  3.  _ 

l(r)^  t  -  ^"|(r)  ^ 

We  now  separate  the  variables: 


^(sine  H^)3  =  -  ® 


(1-15) 


H^(r*0)  =  F(r)#(e) 


cmdy  after  division  by 


P(r)©(0) 
'‘l(r)  ’ 


(1-13)  becomes: 


(1-16) 


¥h9t‘e  v(v-t-l)  li  th«  Mfaratldn  eonstant^  Calling 


rf  (r)  =  Ri(r) 
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(1-17) 


we  obtain: 


istllp  V(v»i)©<e)  =  6 .  ,  (1-19) 


It  can  be  verified  immediately  that  this  last  equation  is 
satisfied  by 

i>(0)  =  i  (1-20) 

where  7(0)  is  any  solution  of  ^e  Legendre  differential 
equation: 

|^(8in©  ||)+v(v+l)8in0  7(0)  =  0  ,  (1-21) 


We  obtain  in  this  manner  the  following  expressions: 


H^(r,0) 


dT 

d0 


i;e(r,0) 

lp(r,e) 


=  i  dT  dg 

®  r  ^  (  j,y  dO  d  r 


(1-22) 

(1-25) 


(1-24) 
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fE „Spherleal  Watreai  IP  a  similar  way,  siibstltPtlng  from 
(l'“9)»(l-10)  into  (1*14)  we  ofetalP! 


“  ®2pt(r)rE^ 


(1-25) 


Separating  and  following  similar  steps,  we  obtain t 


E^(r.e) 


dT 

d@ 


0^26) 


H@(r,e)  = 


_ 1  df  dR 
cu^r  d©  dr 


=  “  |r  ^ 


(1-27) 


(1-28) 


where  f(e)  satisfies  again  Legendre's  equation  (1*21)#  while 
the  equation  satisfied  by  R(r)  1st 


4%1  ♦  R(r)  »  e  .  (1-29) 

dr^  ^ 

At  this  point,  we  may  observe  the  following:  If  the 
Stratlfl(?atlon  involved  variations  with  respect  to  ©,  l.e.  if 
I  s  |(r,e)  -  even  In  the  form  f  s  f(r)g(e)  *  we  would  not  be 
able  to  separate  the  variables  In  equations  (1-15)  and  (1-25)* 

It  is  this  essential  difficulty  which  forces  us  to  restrict  the 
problem  to  radial  stratifications* 

TEM  Spherical  Waves:  In  this  case  E^=  0  .  Being  here 

interested  only  in  the  field  with  circular  magnetic  lines,  we 
can  derive  the  relations  for  TEM  waves  by  considering  them  as 
a  special  case  of  TM  waves  with  0  .  Then,  from  (1*24)  we 
obtain: 

V  =  Q  ,  (1*30) 


while  (1-18)  and  (1-21)  become 


$0,  witli  RgCr)  and  ^^(0)  satisfying  (1^34)  and  (1-35)  we  obtain 
from  » (l-i-SS) » (1-32)  and  (1*^33)  toe  following  expressions 

for  toe  TlX  field  with  elrotaar  magnetle  lines,  l.e.  with  Q  i 


lp(r,e)  =  0 

(1-36) 

l0(r,0)  =  "  iffla 

♦p(e) 

(1-37) 

.  dR„ 

H.(r,9)  i  pS  ♦„(«) 

• 

(1-38) 

t 


These  expresiions  and  equations  (1«34),(1^35)  could  be 
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obtained  in  a  more  simple  way  from  the  Original  set  Of  Maxwell's 
eqnatiens  (l«ll)  to  (1*13)  using  the  fact  that  in  the  present 
ease  0  »  The  above  method  was  preferred >  however >  because  it 
shows  that,  analytically »  the  flM  field  is  derivable  as  a  special 
from  the  TM  wave  solutions* 

It  is  clear  now  that  the  angular  equations  (l*2l)  and  (1*35) 
present  no  new  problem*  The  problem  centers  around  the  solution 
of  the  radial  equations  (1*18) #(1*29)  and  (1*34)*  The  last  one 
is  a  special  case  of  (1*29T#  or#  throu^  1[Xi^3)  an^  (1*31) »  a 
speolal  case  of  (1*18) • 

we  introduce  the  eleotrleal  radial  distance t 


X  mKr 

f  (r)  =  f(x/w)  =  (|>(x)  (1*48) 

I  (r)  =  (x)  (1*41) 

and  equations  (1*18) #(1*29)  and  (1*34)  become: 

.a,. 


TM 


TE 


waves  :  ^  ^  C<^  (x)  *  ii|4li]R(x)=0  (1*42) 

dx^  t(x)  a*  ' 


waves  :  [f>(x)  *  R(x)  =  0 

dx^  X ' 


d%_(x) 

TIM  waves  :  ***|=^*'  +<j>(x)  Rq(x)  =  P 

dx^ 


(1*43) 


(1*44) 


In  a  dissipative  medium  |  is  ccmplex*  Then: 
x^wr  =  ®^[f(h)*  lg(h)3r  (1*45) 


takes  on  complex  values  In  the  fourth  quadrant  of  the  complex 
x*plane,  from  x=o  to  x=oq.  In  equation  (1*45): 

h^/me  ,  f(h)=oo8h(^lnh"^h)  »  g(h)=slnh(^lz&"^h)  • 


(1-46) 
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fables  for  f(h)  and  g(h)  ean  be  foiind  In  referenee  4* 


DISCUSSION  OF  THE  RADIAL  E^flONS 

Equation  (1-44)  for  the  fl^  waves  is  a  special  case  of 
(1-42)  I,  as  it  has  heen  explainedi.  It  can  be  solved  separately^ 
if  it  is  more  convenient  to  do  so. 

We  consider  now  equation  (1-42)  for  the  fit  waves.  As  it 
would  be  expected^  in  ihe  homogeneous  case^  i.e.  when  ^(x)ss  1  , 
it  reduces  to  the  spherical  Bessel  equation: 

r"(x)  ^  [1-  R(x)  s  0  ,  (1-47) 

X 

in  agreement  with  established  results  in  this  case  (5 9  6  pp*  7-9). 
There  exists  a  correspondence  between  equatlGns  (1-47)  and  (1-42) 
and  it  will  be  pointed  out  from  time  to  time.  Equation  (1-47)  has 
a  regular  singular  point  at  x-0  ar4  an  irregular  singularity  at 
xs  CO  (9  pp.  160-161  168-178  41T-428,  10  pp.  58-77).  On  the  other 
hand,  equation  (1-42)  Is  much  more  complicated?  in  addition  to 
the  above  mentioned  singularities,  it  has  singular  points  at  the 
stngiaarities  Of  c^(x)  (or  of  ^(x)  )  and  at  the  zeros  of  C|j(x), 
The  nature  of  these  singularities  depends  on  the  nature  of  the 
slngiilar  points  shd  of  the  zeros  of  Cj>(x).  We  refer,  of  course, 
to  the  complex  x-^plane  when  we  make  these  statements.  Regarding 
now  equation  (1-43)  for  the  TE  waves,  we  observe  that,  in 
addition  to  the  singular  points  at  x=0  and  xr^co  ,  it  has 
singularities  at  the  singular  points  of  C3p(x).  But  the  zeros  of 
<i>(x)  are  no  longer  singularities  of  the  equation.  So,  (1-42) 
has  more  singularities  than  (1-43)  at  the  zeros  of  cp(x)  «  ^d 
is  a  more  complicated  and  general  differential  equation  than 
(1-43)  is.  At  this  point,  reference  to  the  discussion  on  page  1-2 
ean  be  made*  In  the  specific  problem  of  the  bleonieal  antenna, 
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we  are  only  concerned  with  ^  waves*  We  consider  only  equation 
(1-42) j  not  (1-43) »  but  we  treat  the  more  general  case. 

In  accordance  with  the  requirements  on  <ij>(x)  as  shewn  in 
figure  (1-1)  and  the  discussion  therepff  we  now  eonsider  the 
following  special  form  for  : 


^(x) 


x^ 

x+h 


a-b  , 


f(r) 


xr^a 

xr+b 


(1-48) 

(1-49) 


where  a  and  b  are  constant  parameters* 

with  '^e  special  form  of  cp(x)»  as  given  by  (1-48) »  equation 
(1-42)  for  TM  waves  hecomes! 


d%(x)  c  dR 

^^2  (x+a) (x+b)  dx 


(1“50) 


For  eomparisoi,  equation  (1-43)  for  fS  waves  redueea  in  this 
case  to: 


+  [i*  ^  R(x)  =  0  *  (1-Sl) 

dx^  *  °  ii- 

it  is  obvious  now  that  (1-50)  has  all  the  singularities  of  (1-51) 
and  an  additional  regular  singularity  at  x=-a.  So»  the  method  of 
obt^.ininG  its  complete  solution  can  be  readily  applied  to  the 
more  simple  equation  (1-51). 

Equation  (1-3Q)  has  three  regular  singular  points  at  x=0, 
x=*a,  x=«-b  and  an  irregular  singularity  of  the  first  rank  at 
x=e>o  (9  pp,  417-428,  10  pp*  58-TT)*  That  is,  it  possesses  two 
more  regular  singularities  than  the  Bessel  equation  (1-47). 
problems  treated  so  far  in  the  literature,  dealt  with 
•stratification  functions"  of  such  simple  form,  that  no  additio¬ 
nal  singularities  were  introduced  in  the  radial  equation*  In 
such  cases  it  Is  possible  to  Identify  the  solutl^s  with  well- 
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Imdwn  functions,  for  example  confluent  hypergeometric  or  iessel 
functions  with  argument  dr’^,  where  d  and  m  are  appropriate 
Constants,  fal's  paper  (1)  refers  to  such  cases,  others  can  he 
found  In  references  1  and  2.  More  complicated  cases  introducing 
one  more  singularity  were  also  treated,  but  they  dealt  with 
situations  where  the  stratification  temlnates  at  a  finite 
distance  r,  for  example  lens  problems,  as  an  example,  we  cite 
fal's  paper  (1),  which  alec  refers  to  other  similar  problems 
treated  up  to  the  present  time.  The  comments  on  page  1-2  reveal 
l^e  additional  difficulties  that  the  biconlcal  antenna  presents, 
when  the  stratification  extends  from  r=o  to  r^oo  .  We  can  also 
see  now  that  a  stratification  in  accordance  with  the  retuirements 
of  figure  (1*1),  even  in  its  simplest  form  (1-48),  introduces  at 
least  two  more  regular  singularities  into  equation  (1-50)  for  TM 
waves.  Later  in  this  paper,  chapter  3,  PART  l|,  we  shall  see  how 
the  method  of  solution  can  be  generalized  to  more  cemplleated 
forms  for  cp(x). 

Equation  (1-50)  possesses  two  independent  solutions.  Solving 
the  equation  around  x^o  with  the  method  of  Frobenlus,  we  obtain 
two  power  series  solutions  and  (defined  more 

precisely  in  PART  ti),  whose  radius  of  convergence  is  limited  by 
the  nearest  to  the  origin  singularity,  l.e.  Valid  within  the 
circle  |xKmin(  iai  ,|b)  ).  By  a  suitable  change  of  variable,  x  to 
t,  we  can  obtain  for  R^(x)  and  R2(x)  power  series  expressions  in 
terms  of  t,  valid  within  the  circle  ltl<l  ,  for  example?  which 
provide,  in  the  x-plsuie,  Uie  analytic  continuation  of  R^(x)  wd 
R2(x)  outside  the  circle  |xKmin(  lal ,  Ibl  ),  in  fact  into  the 
whole  half  plane  of  interest  where  x  varies  from  0  to  oo .  These 
possibilities  will  be  seen  more  clearly  later,  in  the  epurse  of 
obtaining  explicit  solutions  to  equation  (1-50). 

Solutions  R^(x}  and  R2(x)  of  (1-50)  correspond  to  the 
solutl^s  ^  and  >fx'Ny^j^^2(x)  of  equation  (1-47) » 
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respectively i  Referring  to  figure  (1-2) *  we  ofeserve  that  in  the 
antenna  region  (1)  we  have  to  use  the  solution  R|(x)  of  the 
radial  equation.  Rg(x)  hecoffles  infinite  at  x=Oi  In  free  space > 
region  (2)  in  figure  (1-2),  we  must  use  a  third  solution  Ej^ix) 
of  (1-56),  which  satisfies  the  radiation  condition  at  x=  ws  ,  l*e» 
the  one  which  corresponds  to  an  outgoing  wave.  A  fourth  solution 
^(x)  exists,  representing  an  incoming  wave  from  infinity.  l^^Cx) 

and  R^(x)  correspond  to  sfx  Hn+1/2^^^  eq;uation~ 

(1-47),  respectively.  Mere  v  takes  up  only  odd  integral  values 
vj^=l,3,5, . . .  as  will  be  seen  (6  pp.  41-43). 

For  ^(x)  and  R2^(x)  we  can  obtain  formal  solutions  by 
solving  equation  (1-56)  aroimd  the  singular  point  x=so  .  But  the 
singularity  is  now  irregular,  of  finite  rank,  in  this  case  1. 
According  to  well-established  results  in  the  theory  of 
differential  equations,  the  normal  descending  power  series 
involved  in  the  so  obtained  formal  solutions  E^(x)  and  R^(x)  are 
asymptotic  in  the  precise  sense  of  foincare’s  definition  (9  Pp# 
168-174  444-445,  10  pp.  69-72).  They  are  good  for  numerical 
computations  if  x  is  large. 

However,  the  biconical  antenna  involves  the  problem  of 
matching  the  solutions  across  the  boundary  sphere  $,  figure  (1-2). 
This  requires,  in  txu’n,  the  evaluation  Of  R2^(x)  and  h^(^)  at 
x=i,  where  t  is  the  electrical  length  of  the  antenna.  In  general, 

C  is  small  enough,  unless  the  antenna  is  sufficiently  long,  and 
^4(( )  evaluated  with  toe  required  accuracy  by  using 

toe  asymptotic  series.  On  toe  other  hand,  if  toe  antenna  is  long* 
can  not  be  evaluated  accurately  by  using  toe  convergent 
expressions  for  R^(x),  since  away  from  x=0,  their  convergence  is 
slow.  More  generally*  a  convergent  series  is  of  no  use  for 
nvimerical  calculations  if  we  need  values  at  points  away  from  the 
center  of  their  circle  of  convergence.  The  rate  of  convergence 
8o<»i  becomes  slow  as  we  move  away  from  the  center,  even  If  we  are 
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still  away  from  the  Gireumferenee  of  the  eonvergenee  elrole*  The 
usefulaess  of  a  oonvergent  series  representation  of  a  function 
is,  in  general,  quite  limited. 

Since  equation  (1-SO)  is  of  the  second  order,  any  of  its 
solutions  can  he  expressed  as  a  linear  combination  of  two  other 
independent  solutions*  That  is,  we  havei 

_  ^  ^13  ***  ^14  ^4^*^ _ 

RgCx)  =  R^(x)  -•¥  R^(x)  .  (1*53) 

Compare  with  the  relations 


-|h 
-|h, 


(x)  +  I  /^(x) 


(x)  *  I  Hii^M(x) 


corresponding  to  equation  (1-47).  If  we  can  evaluate  the  coeffi* 
cients  of  these  linear  relations,  we  answer  all  the  problems 
arising.  Equation  (1*52)  provides  in  essence  an  asymptotic 
representation  for  R^(x)  and  enables  us  to  evaluate  values  of 
this  fxmction  for  large  x*  Also,  solving  (1-52)  and  (1*53)  in 
terms  of  R^(x),  we  obtain: 

R^(x)  =  A41  Ri(x)  +  A42  R2^^)  (1*54) 

an  equation,  which  gives  the  analytic  continuation  of  R^(x)  in 
the  vicinity  of  x=o  and  enables  us  to  evaluate  its  values  for 
small  X.  The  determination  of  the  above  coefficients  is  In  itself 
a  major  problem.  In  effect,  it  constitutes  the  main  problem  of 
this  investigation*  This  is  precisely  what  we  meant  on  page  1*3 
when  we  referred  to  a  "complete  solution"  of  the  problem.  The 
present  discussion  also  clarifies  the  statmnents  made  on  pages 
1*1,  1*2,  1*12,  regarding  the  generality  Inherent  In  the 
biopnioal  antenna* 
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It  may  be  at^gued  at  this  F»6int  that  It  i§  not  actually 
necessany  to  extend  the  atratlf^iGation  beyond  a  certain  value  r^ 
or  x^i  Beyond  this  point  we  eaix  eonsider  ^(x)il  and,  instead  of 

R^ix)  t  make  use  of  N^  Ka+i/2^^^  equation  (1-47)  .  We  assumei 

of  course  j  that  ^(x^)  is  very  close  to  1.  This  would  introduce 
a  new  matching  problem  across  the  sphere  r=r^  or  xsx^j  unless 
Xq=  t  i  iiS.  unless  the  stratift cation  is  terminated  at  the  end 
of  the  antenna*  an  assumption  wrhleh  introduces  a  severe  restri¬ 
ction  into  the  problem,  indeed  reduces  it  to  a  very  special  ease* 
An  additional  matehlng  problem  at  x=x^  would,  of  course*  require 
additional  computational  work}  but*  more  important*  it  is 
precisely  the  matching  problem  that  introduces  all  the  approxi¬ 
mations  to  the  solution  of  the*  otherwise,  exactly  formulated 
problem  of  the  biconical  antemia.  Apart  from  all  these  conside¬ 
rations*  we  would  still  need  t&  evaluate  R^(x)  in  the  interval 
04x4x_  and  also  R«(x)  in  the  interval  t^x4.x^»  tlnless  further 
severe  limitations  are  intrcdueed,  the  convergent  series  expres¬ 
sions  for  Rj^Cx)  and  useful  for  values  of  x 

close  to  x^  and  the  necessity  o»f  obtaining  the  linear  relations 
(1-52)  and  (1-53)  would  not  be  airoided.  Not  to  mention  the  fact 
that  speeializationB  of  this  sort  restriot  the  genera^.itj  of  the 
problam. 
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Fig.  1-1  Generdl  form  of  the  "stratiflcdtion  function 


II 


Fig.  1-2  Geometrical  configuration 


Fig.  1-3  Slngulorilies  of  equation  (1-50)  in  the  X-plane 
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GHAPfBR  t 

THE  BICONICAL  ANTENNA  IMMlSSED  IN  A  RADIALLY  STRATIFIED  MEDIUM 


The  GoJaflguratioft  is  shown  in  figure  (1-2)*  The  results  of 
the  preGeding  Ohapter  show  that  the  hiconical  antenna  theory  for 
homogeneous  media  is  readily  applicahle  to  stratified  media  if 
the  proper  solutions  of  the  radial  equations  are  used^  We  will 
not  develop  the  theory  step  by  step  in  this  chapteri  Detailed 
expositions  can  be  found  in  referenoes  5  and  6^  we  will  make  use 
of  the  results  of  the  theory  without  deriving  them,  as  long  as  it 
Is  obvious  that  they  apply  to  the  present  case*  Wherever  essential 
modifications  are  necessary,  the  analysis  will  be  given  in  detail* 
In  this  Connection  the  most  important  observation  is  that 
the  angular  equations  for  TM  and  tm  waves  are  not  altered.  It 
is  then  clear*  that  the  problems  of  satisfying  the  boundary 
conditions  and  of  matching  the  fields  across  the  boundary  s,  at 
xs  t ,  can  be  solved  exactly  as  in  the  case  of  homogeneous  media. 

We  start  with  ^e  dominantf  or  TUl*  interior  mode.  The  field 
oomponents  were  found  in  equations  (1-37)  and  (1-39) »  or  with 


Kr=x: 
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(2»1) 

(2*3) 


where  l/sln©  is  the  solution  of  th^-  angular  equation  (1-33) »  the 
constant  being  included  in  Rq(x}.  The  equation  for  Rq(x)  is 

(l-44)i  with  ^(^)^  it  becOTesr 


^  R  lx) 
x+b  *^0'  ' 


(2-3) 


2*2 


Putting  x^fbsz  It  beemest 

Rg(z)  +  (1+c/z)  Rg(z)  =  0  *  (2-4) 

fbe  aolutibn  of  thli  equation  Oan  be  eJqpf^essed  In  teznos  of 
eonfluent  hypes'geoffletrle  funotlons*  Putt  R^Cz)  =  ze^^u(z}  •  The 
equation  for  u(z)  iat 

(z)*2  If ( ze®^)u'( z)+[  (ito/a)ze^^t  ^*^(ge^^)]u(z)  =  0  , - 

dz 

or*  after  dlvialon  by  e  t 

zu"( z)+2(l+6z)u(z)+{ (l+6^)z+e+263u(z)  =  0  . 

Take  6s- 1  and  ehange  the  independent  variable  z=$t  t 

+(2-aipt)  s  0  . 

p2  P 

finally  put:  21 Nip  ^si/2i*  zst/ai*  t-2lz»  The  equation  beeomea; 


tu"(t)+(2-t)u'(t)+(e/2i*l)u(t)  m  0  .  (2-S) 

Comparing  with  the  confluent  hypergeometrlc  equation t 
xy"+(Y-x)y*«ay  s  0  ,  y  s  K^fCal Ylx)+K2a(a| yI x)  (2*6) 

we  aee  that  a  general  aolution  of  (2»5)  ia: 

u(z)  -  K^P(l+lc/2  I  2  I  2iz)+K2G(l+lc/2  I  2  |  21z)  (2-7) 

Finally  the  general  aolution  for  R^Cx)  is: 

Rjj(x)  =  (x+b)e"^^CKjP(l4lc/2  I  2  I  2i(x+b))  + 

*l2a( l+lc/2  I  2  I  21 ( x+b ) ) ]  ,  ( 2-8) 


C(a|r|z)  le  the  second  solution  of  the  confluent  hyper- 


febinetf^lc  dquatlenf  the  80«ealled  Ghdx*dbh  flmctidn  (11  pp*  §77- 
646) »  when  y  =  n  =  1»2#3m**  Is  a  positive  integer «  Here  we  have 
Y  s  2  * 

Another  set  of  independent  sblutions,  the  Whittaker 
functions,  called  H^(aiYiz),  Ug(aiYiz)  in  reference  ii,  are 
defined  in  tems  of  the  following  asymptotic  aeries  t 

%(ai  Y|z)  ^  z^"^e^[l4  (2-9) 

^  (l-a)(2-a)...(n-a)(Y-a)(Y-a->-l).. , (v-a-i-n-l) , _ i 

nlz*^ 


a(a»l) « * .  (a-fn-l)  (a-Y»l)  (a-Y»2)_» » >  (a-Y^^n)  ^ _ j 

n!  z’^ 

where,  with  z  B|z|e^^  and  -iT<(^^fir  ,  the  followittg  interpretation 
must  be  made: 

-z  =  |z|  ,  (-z)*S  z*^  e^^^  .  (2-11) 

Hq(x)  can  be  expressed  in  terms  of  these  solutions  as  follows: 

R^( x) =( x+b) e"**[KjU^ (l4lc/2 1 2 1 2i ( x+b) )  + 

+K^U2(l‘He/2|2|2l(x+b))3  .  (2-12) 

Numerical  values  for  F(l+lc/2|2l2l(x+b) )  and 
G(l+ic/2| 2l2i(x+b) )  are  not  tabulated.  The  argument  Is  z=2i(x+b) 
and  in  most  cases,  unless  Ibl  is  very  small,  |z|  is  large  and 
renders  the  weil-kno^  convergent  series  expressions  for  these 
fvuictions  useless  for  nunerical  computations*  It  is  more 
advantageous,  therefore,  to  solve  equation  (2"3)  directly  around 
the  non««singuiar  point  x=o.  Such  necessity  does  not  arise,  if 
|b)  is  large  enough  to  permit  direct  use  of  the  asymptotic 


2^4 

expressioni  (2*9)  aad  (2*10)* 

Equatiori  (2*3)  has  a  regular  singularity  at  x=*h  and  a 
irregular  one  at  x=o  is  an  ordinary  point.  Convergent  series 

expressions  i  valid  for  all  values  of  x  in  the  ri^t  half  plane  of 
interest  and  with  a  hetter  rate  of  convergence,  can  be  obtained ^ 
if  we  make  the  following  change  of  variable t 


t 


X  _ 
xif2b 


(2^13) 


iilinear  transformations  of  this  fonn  will  be  used  and  discussed 
later,  in  Chapter  1,  PART  ll,  where  the  solution  of  (1*50)  is 
investigated* 

in  terms  of  the  new  independent  variable  t  equation  (2*3)  is 
expressed  as  follows: 


(l*t)^(l«t^)— ^  - 


dV 


4b[(2b-a)t+a]R^(t)  s  0  .  (2*14) 


A  regvdar  slngtOLarity  appears  at  t=*l,  correspondingly  to  x=*b, 
an  Irregular  at  tsl,  xseo,  while  t?0»  x=0,  is  an  ordinary  point* 

In  order  to  obtain  converg«it  series  eiqpanaiona  around  t=0  we  putt 


R  (t)  =  £.  e  t“  ,  |tl<l 

and  substitute  into  (2«14).  Collecting  coefficients  of  equal 
powers  of  t  and  equating  to  zero  we  obtain  the  recurrence  formula 
for  the  coefficients: 

®n”  nTnSrri^-®*-^  (3n-4)e^^3_*2[  (n*2)  (n»l)*2ba]ej^^2*[  * 

♦2b(b*e)  ]e^^3e(n-4)  (3n*ll)e^_^»(n*4)  (n*5)e^^5^v  *, 

e^^  0  ,  m~lf2(3»***  •  (2*15) 


2-3 

file  process  leaves  Sg  aitd  e^  undetermined  as  the  constants  of 
integrationi  Two  independent  solutions  are  defined  as  follows: 

;  e^=  1  ,  ej=  6  ;  |tl<l  (2*16) 

*  Sq^  0  »  Si_“  1  »  |t|^l.(2“l7) 


R^^(x)  —  ^ol ^ ^  l^Sgt ^ ^e^ t^+ • •• 


^02^*^  “  ^02^^^  “  t+ggt^+g^t^+.*. 


The  same  recurrence  formula  (2*15)  is  used  for  both  e^'s  and 
if  the  proper  initial  conditions *  given  in  (2*16)  and  (2*17)* 
respectively*  are  inserted.  At  x=0,  t=o  we  have: 


dx 


Ro2(0)^6 


dRog(x) 

dx 


(2*18) 


In  terms  of  these  fiuictions  we  can  write: 


Ro(x)  =  Kg  R^3^(x)  ♦  Kg  R^g(x)  .  (2-19) 

Inf  in  i  t  e  ^lio  onloal^  iUatenna :  The  field  is  expressed  by 
equations  (2-1)* (2*2) •  The  condition  of  an  outgoing  wave  to 
infinity  requires*  in  view  of  (2-9)  and  (2-10)*  that  in  the 
present  Case: 


R,(x)  S 

Cg(x+b)e"^^U2(l+ic/2)  2]  2l(x#b) )  ,0^  Rex^ 

» 

(2-20) 

where  G 
'  c 

1  is  a  constant*  The  transverse  voltage  and  i 

!*adla3 

.  current 

in  the  V 

ipper  cone  are  defined  as  follows: 

inf^  ( 

tr-©.  rw^e 

©. 

V„U).  J 

©0  E©rd©  -  ««tiR^(x)Jg^  -*aHiR^(x)2lncot|2 

(2-21) 

inf 

!,(*)=  C 

Jo  ^  ^e=e  -  2itkr^,(x)  . 

'  T  0 

(2-22) 

The  so*called  characteristic  impedance  of  the  biconical  antenna 
is  defined  by: 
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inf  inf 
V^(x)/lo(x)  ^ 


R^(x) 


e. 


<nu  p*; —  iacot  ^ 

ITK  Ri/^\  & 


^6(x) 


(2-25) 


wnene  Rq(x)  is  defined  in  (2-20).  For  non-dissipative  media  it  is 
reaii  oeeause^  despite  tne  1  factor,  the  fynctions  Rg(x)  and 
R^(x)  are  Gompiex*  But  it  is  no  longer  a  constant;  it  depends  on 
the  radial  distanGe  x.  This  is  the  mest  important  effect  caused 
by  the  stratification  of  the  medium. 

Finite  Bi conical „iUitenna„  of  El e otriGal_Leng th  t  aJ? l eld 
SxpresaionB  {  For  the  dominant  TM  mode  in  the  region  O^x^d  the 
field  is  given  again  by  (2-1), (2-2).  The  solution  Rq(x)  of  the 
radial  equation  is  given  by  either  (2-12)  or  (2-19). 

For  the  higher  TH  modes  in  all  regions ^  the  fields  are  given 
by  (1-22)  to  (1*24).  Introducing  the  electrical  distance  x  =Kr 
and  remembering  from  (1-41),  that  in  all  cases  we  called: 

®^ii^(r)  s  KZf(r)  =  K^^(x),  where  K=  conatant,  we  can  rewrite 
these  equations  as  follows: 

M^(x*0)  s  II  (g^24) 

s  m  1^,11  (2*25> 

E-(X,©)  s  l®uv(v*l)-4^i^  T(0)  (2-26) 

x-<|p(x) 

For  the  interior  TM  modes  in  the  region  0  4  x  4  f  we  take 
R(x)  =  R^(x),  where,  as  explained  in  Chapter  1,  R]^(x)  is  the 
solution  of  equation  (1^50),  which  is  finite  at  x;=0,  The  precise 
definition  of  Rj^(x)  is  given  in  Chapter  1,  FART  il,  by  equation 
(l-olO),  T(0)  satisfies  the  Legendre  differential  equation  (1-21). 
As  in  references  3  and  6  we  choose  the  odd  solution  satiafyii^ 
the  symmetry  condition  about  the  growid  plane  Qmt/2* 

T(e)  =  Hy(coae)  =  |  CP^(eos©)-?y(-cp8e)]  .  (2-27) 


2-7 

We  follow  tHe  notation  of  reference  6*  In  reference  S»  the  above 
function  is  denoted  by  L^(cos©). 

The  boimdary  condition  Ep(x,0^)=  lj,(x,Tr»e^)  =  0  yields 
the  infinite  set  of  characteristic  values  v.  It  Is  expressed  by 
the  following  transcendental  equations 


My(cOS0g)  =  0  . 


For  04x4^  the  total  interior  field  is  thent 

.2 


x2  (f>(x)Ei^(x,0)  a^  M^(COS0) 


3^Ta(Xi0)  = 


t(x)  ^ 


- - Is  M„(008e).l<l*K 


^  a^  Rt^(x)  » 


(2-28) 


(2-29) 

(2-30) 

(2-31) 


The  subscript  v  was  added  to  R^(x)  to  denote  the  characteristic 
value  to  which  it  corresponds,  while  the  added  subscript  l  in 
etc.j  refers  to  the  interior  region  (1)  in  figure  (1-2) ^  We 
must  also  remember,  that  the  general  solution  R(x)  of  (1-50)  for 
v=0,  can  be  expressed  as  kR^(x),  where  Rq(x)  Is  the  general 
solution  of  (2-3)  in  either  of  the  forms  (2-12)  Or  (2-19);  with 
this  in  mind,  we  can  check  equations  (2-29)  to  (2-31)  dimensio¬ 
nally  and  prove  them  correct* 

The  total  radial  current  in  the  upper  cone  is  given  by? 

I(x)=  ^  xsineo%^(x,0^)  =  lp(x)  +  I(x)  ,  (2-32) 

where  ? 


Ig(x)  -  2ttk:R^(x)  (2-33) 

is  the  principal  current  associated  with  the  interior  dominant 
TIM  mode  and 
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Strsine 


icDp, 


V  V 


Riv(x) 


39 


( Goae^) 


(2-34) 


is  tlie  comiplimentary  curf^ent  associated  with  the  higher  interior 
TM  modes.  From  the  definition  (1-10),  FARf  XI,  of  and  for 

v>0,  we  observe  that  Rjy(O)  =  0  #  thent 

1(0)  =  0  I  1(0)  =  1^(0)  *  (2-35) 

the  transverse  voltage  v(x)  is  defined  by> 


»(*>=  is’®"  f  »ie  '»«  ^  ♦ 

T  ^  a^  Ri^v(x)  ftr-©^  A 

i_T — °  |5M^(66se)  dS  . 


K(|,(jt)^7TvTIT 


From  (3-27),  (3-38)  we  eonelude  that  all  the  terms  In  the  Bum 
are  0*  thus: 


e. 

®  Vg(x)  =  »3ieD|iRQ(x)lneot  |* 


(2-36) 


The  so  defined  voltage  is  due  ^y  to  the  danlnant  mode, 
irrespectively  of  x.  Callingt 


aHilncot(0  /2) 


(2-37) 


and  using  (3-19)  we  can  write: 


I,(x)  ==  ♦  PjR^Cx) 


(2-38) 


i 


^  =  PlRgl(*)  *  PjR„2(*)  . 


(2-39) 


We  will  express  p^,  Sg,  X0(x),  y(x)  in  terms  of  V(C)  and 
the  terminal  admittance 


■%  -Q 

as  saen  by  the  dominant  mode  at  x=^  »  At  x=  ^  (2«38)  and  (2“ 
yield  s 

%lpi(0‘^D2Ro2(0=iV(0/Io  . 

Then: 


2-9 

(2-40) 


A 


where  A  = 


i/I.  R., 
0  0! 

,(0 

’ft  "p; 

,(t) 

^02 

r;i(x) 

Va 

.T  (^)  *  R./ 

^(x) 

’  V  A 


Rpi<«)  i/Sp 


>  the  Wronskian  Of  the  partiouiar 


Referring  to  (2»18)  we  find  that: 

As  R^^(x)  R'g(x)  *  R'^(x)  R^2(x)  s  1/ 


(2-41) 


We  may  also  use  the  definition  (2-12) >  instead  of  (2-19) » 
that  is: 

R^^(x)  =  (x+b)e‘^%j^(l+ic/2|2l2i(x+b)) 

Rgg^^)  =  (x^b)e*^^2(l+lc/2|2l21(x+b)) 

With  the  help  of  (2-9)  to  (2-11)  and  letting  x^^»  we  obtain: 
R,,  (*)  -T-*  .la'l*l«/8  e‘* 


p*"®/**?!!!  xl«/*  pi* 
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,-l- 


^-le/2  ^-ix  ^ 


in  this  catd: 

A  «  1  ^“i»e/2+2ib 

R^turixlng  to  (2-38) » (2-39)  we  ean  write  t 


[(R 


♦i^oVoad)  ^®oi(x)‘ 


'oVo1(O‘*'®01(«>^^62(x)3 

V(£) 

^  ^  ( 0  U)^  ^01  ( x) 

*^Vol(0“^^ol(n/^o^^o2(x)3 


the  input  admittance  is  defined  by: 

I  -  H£  .  h^.  i  ER;g(()*lSaig#flg(<>^S,;i(6). 

V(0)  ’  V(0)  ’  *oCR^j(«)+lloV^Roj(l)lRj;^(0)- 

•iij„yAi»>*fioi«>iR^g(o) 

and  in  this  way  it  can  be  expressed  in  terins  of  TC^  only* 
With  the  use  of  (2-33) » (2-36) *(2-37)  we  oan  rewrite 
(2-29)  to  (2-31)  as  follows: 


Rlv(^) 

^v(n 


X-  (f  (x)Ejp(x,e)=^  a„  5^— M„(cpse) 

. y.(x) 


1  ^  d. 


^  y  vmj  d©  *^v 

1«(^)  (x) 


M„(cp8©) 


xE|g(x;0)=  + 

xHj^^(x,0)=  ^  glne  *  JSS^  V  y(voi7 


(2-42) 

(2-43) 

(2-44) 

(2-45) 

the  set 

(2-46) 

(2-47) 

(2-48) 


In  tne  region  only  higher  TM  modes  appear*  The 

fiield  is  expressed  by  equations  (t»24)  to  (2*26)  .  In  order  to 
Satisfy  the  radiation  condition  we  must  now  take  R(x)=R^(x)j 
where  R^(x)  was  defined  in  chapter  1;  explicit  expressions  for 
this  fimction  will  be  given  in  Chapters  1  and  2»  PART  II.  For  the 
odd  angular  solution  we  must  use: 


-  T(0)  ;=  Pq(cose)  ,  q  =  1*3,.5»»***  #  (2-49) 

Denoting  ^  e  we  can  express  the  total  exterior  field 

^  q— i ,0»5»»*.q 

in  the  region  ^ix^oo  as  follows: 


(x.0)=2i  b  p  ^  ~  P  (eos0) 


ft? 


(2^50) 

(2»S1) 

(2»52) 


Matching  of  the  Fields.  Input  Ato it tance:  The  continuity 

and  boimdary  conditions  across  the  spherioal  surface  at  x=i  , 
can  be  expressed  as  follows: 


E2j.(^0)  ®  %r(^0) 

(2-53) 

s^(l,e)  m  E^@(e,0) 

,  9p<e<".eo 

=  0 

>  and 

(2-54) 

H2^(e,0)  ^  %^(e,©) 

(2-55) 

We  will  first  obtain  an  expression  for  the  teralnal 
admittance  Y^.  Equation  (2-45)  will  then  provide  an  expression 
for  the  input  admittance  At  x^i  we  obtain  from  (2-48): 


2^12 

2ff  alae  IdsiJ,  ?  v(v+l)  de  * 

Integratiag  ffiM  0^q  to  ve  obferve  tbat,  by  virtue  of 

(2-27)  f  r  the  tezina  eoirresponding  to  the  aiomiatlOh  ^  vanlah* 
therefore  I 


Integrating  3cH^(i,e)  the  aaise  way»  but  using  now  Ita  es^reaaion 
in  (2-5 a)  and  equating  we  finally  obtain: 

^t=  q(q+l)  ^q^®®®®0^  *  (2-S6) 

The  coefflclenta  b^  will  all  turn  out  to  be  proportional  to  V(£). 
So,  V(i)  eanoela  in  the  above  expreaaion  for 

The  remaining  atep  la  the  matching  problem.  We  write  the 
seta  of  equations  (2*46)*(2‘i>4$)  and  (2-50) -(2-52)  for  x=^  and 
substitute  Into  (2-55).  It  aufflcea  to  match  only  the  electric 
field,  or,  alternatively,  the  components  and  E^.  the  procedure 
is  baaed  upon  the  orthogonal  properties  of  the  Legendre  functions 
and  Is  fully  explained  In  references  5  and  6.  Since  the  stratifi¬ 
cation  does  not  affect  the  angular  functlona  the  matching  problem 
follows  lines  identical  with  the  case  of  homogeneous  media.  There 
reault  two  Infinite  systems  of  linear  algebraic  equations  relating 
the  sets  of  coefficients  a  and  b_.  The  coefficients  themselves 

»  4  I 

are  determined  by  solving  these  linear  systems  of  equations*  in 
the  present  case  the  only  difference  from  the  homogeneous  problem 
appears  in  the  coefficients  of  equations  ( 2-46) «( 2-48)  wid 
(2-50)»(2-52) ,  when  written  for  x=i,  We  will  not,  therefore, 
repeat  the  process  of  matching*  it  follows  the  method  explained 
in  full  in  references  5  and  6*  The  results  in  the  present  case 


are  as  follows i 


a  =  liE.  u  b' 

V  q  vq  q 


b^=  » 


Sffz 


W*  V(^)Pq(cd8e^>  ♦  ?  ^ 


6  q 


where : 


qv 


Gbs©. ) 

■  v:  .  e  -  j 


2-13 

(2-S7) 

(2-58) 

(2-59) 


v(v+l 


1-  » 
k.  - 


dM,,(  coB©^) 
sin©  f  ( 008©^)—  ° 

w 


Riv(n 


^  %(0 
I 

4  *8  ^ 


R^(() 


^lv(i) 


'd'  d©. 


(2-60) 

(2-61) 

(2-62) 


Substituting  the  a^'a  frem  (2-57)  ifttd  (2-58)  we  can  dbtatn 
the  folldwing  infinite  linear  iet  of  equatidns  Qdntaining  dnly 


the  coefficients  b^» 


^  “y  ^  / 

*  ^  u„_b_ 

V  qv  m  vm  m 


(8-63) 


This  shows  more  clearly  that  all  b^'s  (and,  consequently,  all 
ay's)  turn  out  to  be  proportional  to  V(0* 

From  this  point  on  all  the  approximations  for  the  solution 
df  (2-57)  and  (2«58),  or  (2-63) f  in  special  cases,  like  small- 
angle  cones,  large-angle  cones  etc.,  follow  lines  identical  with 
the  case  of  homogeneous  media,  as  explained  in  references  5  and  6. 


Small-^gle  Biconical  Antennas;  In  the  limiting  case  of 
©^  approaching  zero,  the  system  of  equations  (2-63)  can  be  solved 
(5  pp»  833-834,  12,  13) •  The  method  of  solution,  applicable  in 
the  present  ease,  is  identical  with  the  one  used  in  reference  5« 
The  following  limiting  values  hold  as  O^-^Ot 


V  k  k+l/lnCg/Gg)  =  ]e46  i  6  =  l/lft(2/G^) 

''‘v(e6sS^)Av  SjClnfa/eg)]®  ” 

I»q(CGSe^)  *  1  . 

Calling: 


k  =  (2*64) 


(2^66) 


(2-67) 


and  making  uie  of  the  above  nelatlonB*  we  can  write  equations 
(2*63)  as  follows: 


2q§l  Y“  ^(k,m*q)  ^  1 

-  -k+6 

♦(I6*m,q)  =  - — - (2k-t>U26)6^  - 

(k+6) (k+6+1) (k+6*q) (k+6+q+l) (m-k-O) (m+k+6+1) 


(2*68) 

(2-69) 


in  the  limit 

e^^+o,  6—0 

we  have: 

♦(k,m,q)  ^  6‘ 

Uo 

If  k  5^  q 

»  m  ^  k 

(*>/  6 

^  0 

if  k  q 

»  m  =  k: 

6 

*  0 

If  k  =  q 

»  m  ^  k 

e 

1 

Pi- 

fil 

□ 

^  m 

q(q+l) (2q+l) 

Only  the  last  ease,  k=q=m,  contributes  slgnificMitly  tO  the  sums 
in  (2-68),  which,  in  the  limit,  can  be  simplified  to: 

Z* 

iq*  q(<l*l)BqZj^^/Cq(q+l)(2q+l)J  Jk  i  . 
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ii 


!H»1 
q  ^q 


So#  in  the  limit  of  small-anile  cdiieBt 


(2-70) 


_ ^V  _20:+l  ^  _ 1_ 

-  t  itpiy  2^^ 

TTKZ^  ^  '  q  q 

0  ^  -1 


(a-71) 


It  is  interesting  to  examine  how  and  hehave  as  I  i  the 
.elfictrical  length  of  12ie  antenna,  approaehes  zero.  This  short- 
antenna  limit  will  serve  as  a  chech  and  explanation  of  the 
numerical  results  obtained  in  the  next  chapter,  in  this  particular 
case*  using  (2-61)  and  (2-62)  we  can  write: 


2q  “  2^  HI  i:R4(()/R^q(u  - 

AS  ^=*-0,  the  behaviour  of  and  Rgq(()  can  be  found  from  the 

results  of  Chapters  1  and  2,  PART  II*  Vfe  refer,  first,  to  equation 
(1-54) : 

R^q(^ )  ^  ^41  ^  ^42  ^2q^^^  * 

On  the  other  hand,  series  expressions  for  R^^d)  and  R2q(()  can 
be  written  down  at  once,  by  merely  inspectl^  equation  (1-50) : 

Rj,(t)  =  . ) 

•  '0^  0  .  q  S  tatejar  . 

In  Chapter  1,  PiUlT  II,  ’Uxese  series  are  developed  in  full,  but, 
for  our  present  purpose,  we  can  do  without  any  reference  to  the 
results  of  this  chapter*  Thus,  as  ^-*0: 

Rin(()  q+1  a,+2aJ+,,.  q+1 

**iq(()  ^  i+a^ti... 


(2-72) 
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1  .  0,1 _  X  0 


£  2q+1  l+aji  + 1 


( "f  i  •  • ) 


+  •  • » 

I'i'&^l.  ■!•••• 


b  ^q 

_ ol*- 


1  * 


(A^g/Ajij^^)  [Rgq(^  )  3 


(<i*V/i  ‘  (AasAai  > 

1  ♦  (*42/*41>  <'>« 


"  I  ^ 

Substituting  in  (2*71)  we  obtain: 


q 

» 

"  t 


h-  ina  §  i 


fftcz: 


^  ^  1 

In  the  above  equation  use  of  the  identity  ^  ^  InS 

made,  therefore,  as  (**0,  G. 

The  input  impedanee  is  given  by  (2-45) f  whlcht  with 
of  {2-18),  reduces  to: 


Using  (2*13)  together  wite  (2*16)  and  (2*17)  we  find: 

R.i(j)  =  x*.^  ^  ♦  pah  .  X.  "^t^*pah 


(2-73) 

(2-74) 


(2-75) 

(2*76) 

was 

the  use 

(2-77) 

(2-78) 


2*17 

-hi 

2b 

*  s  -  ♦  oa®) 

(2*79) 

(2*80) 

) 

oil )  . 

(2*81) 

Substituting  into  (2^77)  and  letting  we  obtaint 


b 


b  ^ 
®  1+ 


_ 

ln2 

lnc0t©^/2 

o 


(2*82) 


We  observe  that*  as  ^-^0,  ©o  as  l/i  .  For  a  non«dissipative 

medium  a,  b,  and  i  are  all  real  and  is  large  and  capacitive. 
For  a  dissipative  medium  a,  b  ^  ^  are  complex  and  both 

Rj^  and  go  to  infinity. 

W  id  e-Angl  e  Si  coni  cal  Antennas;.  In  the  case  of  homogeneous 
media i  it  is  well  known  that  a  good  approximation  to  can  be 
Obtained,  if  we  neglect  the  higher  order  internal  fM  waves  (6 
pp*  41*43,  13,  15) •  For  stratified  media,  however,  it  can  be 
anticipated  that  such  an  approximation  will  not  be  as  good, 
since,  with  the  assumed  variation  f(.c1  m  (x+a)/(x+b)  ,  the 
stratification  function  changes  more  rapidly  for  small  X,  i.e,.-: 
inside  the  antenna  in  region  (l),  figure  (1*2),  f(x)  varies  more 
rapidly  than  outside.  It  is  natural  to  assume,  that  more  internal 
waves  will  be  needed  in  this  region  to  account  for  this  greater 
variation.  One  is  left  with  no  other  alternative  but  to  solve 
the  infinite  set  of  equations  (2*57)  and  (2*58).  It  is  still  very 
instructive,  however,  to  obtain  a  solution  in  the  following  two 
cases*  when  only  the  principal  TM  mode  is  retained,  all  the 
internal  TM  modes  being  neglected,  and,  secondly,  when,  in 
addition  to  the  principal  TM  mode,  the  first  TM  internal  mode 
is  retained  and  all  the  higher  neglected*  In  both  cases,  the  set 


of  eqiiati  011:8  (g° 


and  (2-1 
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c£ua  fee  solved  explieitly  for  the 


eoeffielents  fe^.  In  the  case  of  homogeneous  media »  the  dlfferenee 
feetween  and  Y^^^,  the  zeroth  and  first  order  approximations 
ofetained  in  this  manner,  is  practically  very  small  (6  pp*  41*43, 

,  justifying  the  assumption  wherefey  all  higher  internal  modes 


were  neglected,  for  stratified  media ^  as  the  results  of  Chapter 
3  show,  Y^g*  Y^j^  is  small  for  relatively  long  antennas,  roughly 
one  wavelength  and  longer,  for  such  lengths  the  assumption  that 
the  internal  waves  are  unimportant  and  can  fee  neglected  is 
still  valid*  for  shorter  antennas,  however,  in  the  same  medium, 


Yto**  ^i^l  ^io*  ^ii  large,  in  agreement  with 

the  prediction  mentioned  afeove.  <^e  should  then  retain  more 
intezvial  waves  and  solve  the  system  of  equations  for  the  fe^'s 
separately  for  each  assumed  length  ^  in  this  range  of  values. 


In  the  zeroth  order  approximation  neglecting  all  internal 
TM  modes,  i.e.  assuming  that  all  a^=  6,  we  immediately  obtain 
from  (2-5$)? 


a)|i(2q+l) 
0  q 


V(e)fq{cOS0^) 


(2-83) 


Substitution  into  (2^36)  yields s 


uksI 


(2^84) 


for  the  first  order  approximation  we  retain  the  first 
Internal  TM  mode,  in  addition  to  the  principal  T)iM  mode,  and 
neglect  all  the  others.  In  other  words  we  assumes 


®vl^  ^  '^vlq^q 


®'v2”  ^  ^ » 


-  0  , 


(2-85) 


From  equatloxi  (2-58)  we  obtain  In  this  case: 


(2-86) 


2-19 

It  is  convenient  at  tnis  point  to  introduce  a  change  in  the 
notation  to  ma^e  the  formulas  comparable  to  C.  f.  fai's  results 
In  the  homogeneous  case  (13#  6  pp.  41-43) •  We  callt 


- 

^Vq"’  J  0 


0 

-0 


( COs0)Pq( COS0) sin0  d0 


°[m^(cos0) ] - Sin0  d0 


(2-88) 


Then#  from  (2-59) # (2-60)  and  schelkunoff 's  formulas  (6  pp.  47- 
48) I  we  have : 

( 20^*1  )q(q+l) 

(2- 


^vq  * 


^qv 


2v(vh‘1) 


Equations  (2-86)  can  now  be  written  as  follows: 


a)n(2q+l) 


2tf 


i|22l2l2S  A 

^vl  2v^(v^+l) 


(2-90) 

(2-91) 


Multiply  (2-90)  by  and  sittB  over  q  =  l,3»5».».  •  With  the  use 
of  (2-91)  we  obtain* 


<aa 

2n2, 


S'(act«i)r*?  (cos6g)i 


— — — ~l.'(2(l+X)q(i!*l)Y! 


(SF /Jnl, )  V  (Of '  ( 8q*x )  X*r„  ( PO80. )  1„,  . 


Substituting  back  into  (2-90)  we  find: 


2«20 


“  illj,W)C(2q+l))t*P,(cO«eg)-  Yj(Sq*i)q(q«)l^^^  . 

.  iWi)fflai^!ai*2la _ ] 

'  2vj(v^«)»I^^Y;^+|'(2q*l)q(q»l)Y*l2^^ 

Flaally  tirdm  (^f56)  we  obtains 

iat. 

«  UK^I  4vi(viH.l)S^jY*j»:|'(2q«)q(q^.l)Y*l23_^ 


(2-92) 


.  (2«93) 


This  equation  is  in  agreement  with  the  result  of  f.  fai  (6 
pp.  41-43 >  13)  obtained,  for  homogeneous  mediae  by  application 
of  a  variational  principle. 

For  the  short  antenna  limit,  letting  ^-*>0,  we  find  from 
(2-61)  and  (2-75)8 


V+  A  «  4  i 
^q  "  b  q 


(2-94) 


Then  from  ( 2-34) s 


p|(co8ep)]^ 


(2-95) 


Thus,  after  comparing  with  (2-76),  in  the  limit  i^p  and, 
opneequently,  for  wide-angle  anteimas  behave  in  a  way  similar 
to  thin  antennas,  as  esiplained  in  the  preceding  suhsectin^. 
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dHAPTl®  3 

NUMERICAL  CQMPUfAfIdNS 


INTRODUCTION 


Numer*lGal  results  were  obtained  with  the  use  of  an  liM  7090 
computer.  Six  distinct  cases  of  stratified  media  were  considered , 
heretofore  numbered  I  to  VI ,  and  In  each  case  the  cone  angle  0^, 
figure  (1-2) j  was  given  8  different  values: 

1/20°,  1/4°,  1°,  2°,  for  the  small*angle  case, 

e^=  50°,  59.23°,  55°,  70°,  for  the  wide-angle  case. 

The  special  value  0^=  39*23°  In  the  latter  case  was  chosen, 
because  it  yields  an  Integral  value  for  the  first  oharaeterlstlc 
root  of  equation  (2-28),  namely: 

V|  *  3  ,  (3-1) 

facilitating  the  evaluation  of  and  2;^^  (13  )• 

In  each  case  the  Input  impedance  ix^  of  the 

antenna  in  Ohms  was  computed  and  plotted  as  a  function  of  the 
physical  length  of  the  antenna  r^.  For  thin  antennas,  the 
terminal  admittance  Y^.  is  independent  of  the  cone  angle  6^, 
according  to  equation  (2-71).  We  call: 

M  =  «H5T  =.  1%,  .  ■  (5-2) 

^  q(q+l)  q  q 

This  characteristic  qu§uitlty  for  thin  antennas  was  also  plotted 
in  Ohms  versus  r^  in  each  case,  figure  (5-2). 

Case  I:  In  view  of  the  fact  that  no  experimental  data  are 
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available  concenilfig  the  feehaviour  of  a  hlGoniGal  antenna  in  a 
radially  stratified  mediuin  ^d  in  order  to  Gheok  the  theory^  we 
eonsidered  in  Case  I  a  non-diisipative  medium  slightly  stratified 
so  thatj  at  a  oertain  frequency*  the  stratification  function  has 
the  following  form; 

-  Mo  ’  a  =  12  ,  h  =  10  (3-3) 

X  =  kr  =  r  *  K=  ,tD^iIi^  *  (3-4) 

■  (3-5) 

Thus,  at  the  origin  e(o)  =  1‘2€q*  while  for  large  r  the  die¬ 
lectric  constant  reduces  to  the  free-spaGe  value,  Zj^=Rj^+ix^ 

and,  for  thin  cones,  yT=<lT+iST,  in  Ohms,  were  plotted  in  figures 
(3-3), (3-4)  and  (3-2),  respectively,  versus  Im  It  is 

natural  to  anticipate  that  these  curves  will  be  close  to  known 
results  (5  p.  837*  If)  for  homogeneous  media  with  6=6^  and  6  = 
=1.2€q*  thus  providing  a  check  on  the  theory.  The  predictipn  is 
completely  justified  as  will  be  seen  in  the  next  section. 

Cases  II  to  V;  In  all  these  Gases,  the  antenna  Is  immersed  in 
a  stratified  and  dissipative  medium  similar  to  the  conducting 
solution  used  in  lizuka's  experiments  with  linear  antennas  (14), 
The  epmplex  dielectric  factor  is; 

|(r)  =  e(r)Cl»iT(r)]  ,  (3-6) 

where  T^tanO^o/ope,  the  loss  tangent*  can  vary  from  0,036  to  8,8, 
while  changes  correspondinly  from  78  to  69  (14  p,  3),  In 

these  ranges  such  variations  oan  be  represented  very  closely  by 
the  following  functional  dependences i 
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f+d0.036/T^ 

T(p)  =  ^ -  »  (3-S) 

fiius^  at  r=0{  e(o)=78€g.  f(0)=0i036j  walla  for  large  r,  fc(r)-^€^eQ 
and  The  parameters  and  control  the  final  values 

of  a{r)  and  T(r)i  their  ranges  being: 


7t^t069  r  d.0364T^4a.a  ,  (3-9) 

while  d  affects  their  slope.  There  is  a  correspondence  between 
values  of  ^  and  f=o'/co€*  whichi  for  the  conducting  solution  under 
consideration j  has  been  determined  experimentally  and  plotted 
(14  opp.  pi  7)i  It  is  a  simple  matter  to  see  if  the  assumed 
variations  (3-7)  and  (3-3)  agree  with  this  curvei  Even  In  the 
extreme  case  e^=69  and  f^s8*a,  one  obtains: 


Elimination  of  r/d  between  these  two  equations  yields: 


3(T(r)-8*e 

23  K  8.7gr 


(3-10) 


a  relation,  which,  in  the  above  ranges  (3-9),  agrees  closely  with 
the  experimental  Curve  mentioned  above.  For  intermediate  values 
of  Sf  and  the  ranges  of  i(r)  and  T(r)  are  smaller,  l.e. 

78>6(r)/ep>ff  ,  Pi036^T(r)^Tj  (3-11) 


fuid  the  correspondence  between  e(r)  and  T(r)  is  correct,  as  long 
as  a|.  and  themselves  satisfy  (3e>l0).  So,  and  are  not 
Independent  parameters,  but  are  related  according  to  equation 
(3-10) i 

The  assimied  variations  (3-7)  and  (3-8),  in  addition  to 
satisfying  the  above  requirements,  lead  to  a  stratification 

funotlw  ^(x)  In  the  form  (1-48).  Substituting  (3-7), (3-8)  Into 


(3*6) ,  we  at) tain: 
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Calling: 


r+d(l*i6»036)/(l“if^) 
- - 


(3-12) 


K  =  cDjfTip^ 


(3-13) 
(3-14)  _ 


X  =  7r  i  ^=*<2^0  (3-15) 

we  can  wnlte  (3-12)  as  follows: 


A  1(f) 

where : 


x->»S(l-10.036)/Vl-lTj. 

x+S(e^/78)jl-lT^ 


s2 

x+b 


(3-16) 


a  *  8(1-10* 036) /ir*lf^ 
b  s  s(  J/78)^/Ulf7 
S  =  Kd  s  ®  d 


(3-17) 

(3-18) 

(3-19) 


We  can  also  write  (3-7)  and  (3-8)  as  follows: 


e*  f 


<r+S(€^/78) 


T(r)  s  T. 


Kr+S(O.036/f^) 

Kr+S 


(3-20) 


Two  Independent  parameters  appear:  T^.,  controlling  the  final 
value  of  the  loss  tangent  of  the  medium,  and  8,  controlling  the 
slope  of  the  stratification  function*  is  foimd  from  Tj,  with  the 
use  of  (3-lP) *  Different  values  of  these  parameters  correspond  to 
different  media*  Note*  also*  that  8  depends  on  frequency*  The 
Independent  variable  Is  the  physical  length  of  the  antenna  r^. 
Introducing  electrical  tnlts  and  referring  to  the  common  Initial 
valuea,  we  use  as  Independent  variable  the  following  quantity: 
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i=  coJJg^Ti  =Kp8A^  *  (3«il) 

Note  tJaat  x  var'les  la  the  fourth  quadrant  of  the  oomplex  x*plane 
from  0  to  along  the  strai^t  line  connecting  the  origin  and 
the  point  x=iD. 

Cases  11  to  V  refer  to  different  stratified  media  with  the 


following  values 

of  the 

independent  parameters : 

Case  II  : 

►Si 

II! 

,  S  =  8  ,  6^=  76.897 

(3-22) 

Case  III: 

VI 

,  S  =  6  ,  76.897 

(3-23) 

Case  IV  : 

VI 

,  S  =  4  *  £^=  76.897 

(3-24) 

Case  V  : 

f  2 

,  a  =  6  ,  75.78B 

e 

(3-23) 

Cases  ll,  liiEi  IV  can  also  be  considered  as  referring  to  the  same 
stratified  medium^  but  correspondig  to  different  frequencies  * 
€(r)/e^  and  f(r)  for  all  4  cases,  as  ilven  by  equation  (5j^iO), 
are  plotted  in  figure  (3*1),  versus  y  =  r  =  ,^7 8/e  ^  Kr. 

Case^ ylt  In  contrast  to  the  previous  cases,  where  the 
conductivity  of  the  meditom  increases  away  from  the  center  of  the 
antenna.  Case  VI  refers  to  a  medium  in  which  7 (r)  starts*  at  r^* 
from  a  high  value  and  decreases  to  0>036  as  r^bo*  while 
^(r)/€^  starting  from  increases  to  78  as  r^oo, 

(3-26) 
(3-27) 

It  can  easily  be  checked  that  the  requirement  of  correspondence 
between  €(r)  and  T(r)  is  satisfied  in  the  ranges: 

694^1  4^(r)/eg^  78  '  8*8^Tj>  T(r)>  0.036 

as  long  as  and  T*  satisfy  (3-10). 


€(r) 

T(r) 


=  e 


7A  r-fd 

o'®  r+dTlTfi 


=  0, 


r+dTj^/O. 


r+d 


» 
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=  C®jilncot(0g/2)]/TrK  ,  (3«40) 

For  all  Cases  11  to  VI  and  in  terns  of  tiie  sane  Independmt 
▼arlable  i  =  a^iiSgTS 


3»7 

Yf  =  SfY*  s  Sf+IST,  for  thin  conos,  in  Ohms,  is  plotted  in  figure 
(3*i)»  The  input  impedanoe  Z^=  R^+loCj^,  in  ohms,  is  plotted  in 
figures  (3-B),(3*6),(3-7)r(3-8),  for  0^=  1/20®,  1/4®,  1®,  2®, 
respeetlvely*  For  wide-angle  cones,  the  zeroth  order  approximation 
^io^  ^lo'^^^io*  Plotted  in  figures  (3“9)  *  (3*10) ,  (3-11) , 

for  0^=  30^,  SS°,  70°,  respectively.  Finally,  for  0^=  39*23°,  the 
zeroth  and  first  order  approximations  and  Zj^^L*  Ohms,  are 
plotted  in  figures  (3-12), (3-l3), (3-14), (3-15)  and  (3-16),  for 
CaBea  II,  III,  IV,  V,  VI-,-  reBpeetlvely.  - — 


DISCUSSION  OF  THE  RESm.TS  AND  CONCLUSIONS 

All  computations  were  performed  with  single,  8-declmal, 
precision.  By  far,  the  major  problem  was  the  evaluation  of  R^(x), 
Rg(x),  R^(x),  R^(x)  and  their  derivatives,  as  well  as  the  coeffi¬ 
cients  of  the  asymptotic  expansions  (1-52) , (1-53) *  Remarks  relative 
to  the  computation  of  these  quantities  will  be  postponed  until, 
in  Chapters  1  and  2,  FART  II,  the  defining  formulas  are  developed. 
As  a  general  observation,  we  note  that  the  smoother  the  stratifi¬ 
cation  fxinction,  the  closer  the  singularities  x=-a  and  xe*b  of 
equation  (1-50)  are  spaced!  this,  in  turn,  makes  the  overlapping 
region  between  the  convergent  and  asymptotic  series  expressions 
for  Rj^(x)  or  R2(x),  wider  and  the  agreement  better.  In  Case  I,  for 
instance,  in  the  middle  of  the  overlapping  region,  agreefflent  of 
4  significant  decimals  was  obtained  for  the  lower  order  fimctions. 
As  the  stratification  fvmction  becomes  sharper,  the  overlapping 
region  narrows  and  the  agreement  worsens.  This  was  observed  in 
Cases  IV  and  V,  characterized  by  a  sharper  <^(x);  in  a  region 
falling  roughly  between  3.4  suid  ^  =  4.2,  for  thin  cones,  the 
plotted  points  deviated  sli^tly  from  a  smooth  line.  In  contrast 
to  all  other  regions  and  cases  where  the  smoothness  of  the  curves 
was  remarkable.  No  attempt  was  made  to  obtain  more  accurate  values 
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In  this  short  region  in  Cases  iv  and  since  the  deviations 
were  small  and  the  use  Of  an  Improved  series  would  alter  the 
eomputer  program* 

For  wide-angle  cones »  the  situation  is  less  critical  in  this 
respeet,  as  far  as  and  R^^^,  are  concerned*  for 

reasons  similar  to  the  homogeneous  case  (1^*  13)*  Furthemore, 

in  equation  (i=7l)  for  thin  cones,  *“ 

“  appears.  In  contrast*  only  Z*=  |||[R4q(Z)/R4q(8)] 

appears  In  and  equations  (2-84)  and  (2-93)*  for  wide- 
angle  cones.  In  dissipative  media*  RjqCn  and  R4q(n  are  no 
longer  complex  conjugates  of  each  other  and  the  asymptotic  series 
for  R4q(D  always  starts  working  earlier,  i*e.  for  smaller  Ui, 
than  the  asymptotic  series  for  The  separating  region 

becomes  wider  as  the  dissipation  increases.  At  the  same  time* 
the  convergent  series  for  Rjq(i)  converges  faster  and  works 
farther  than  the  convergent  series  for  Rg^d).  Therefore,  the 
evaluation  of  R^qC^)  and  Z^  through 

as  well  as  the  evaluation  of  R4q(D  and  Z*  through 

R4q(i)  ^  ^  • 

become  critical  in  the  intermediate  region,  making  the  evaluation 
of  Y^  less  accurate  for  thin  cones.  The  former  difficulty  is  also 
the  reason  for  not  extending  the  euryes  for  thin  cones  as  far  as 
for  wide-angle  cones,  especially  in  Cases  IV  and  Vj  the  series 
for  R|^(£)  can  not  be  used  yet.  These  remarks  do  not  apply  in  the 
real  case*  RqqCi)  and  R^q(/.)  are  complex  conjugates  of  each  other* 
as  will  be  sem  in  Chapter  1,  FART  II.  Thus*  R^(£)  is  not  actually 


involved. 
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If  the  vaflatioas  of  ^(x)  aS’e  still  sharpeif,  no  overlapping 
region  may  exist*  If  one  is  interested  in  lengths  I  falling  in 
the  region  where  neither  the  Gonvergent  series  workj  nor  the 
asymptotic  are  valid ^  one  should  try  to  develop  hotter  convergent 
series  (such  poaslhilities  exist  as  will  he  seen  in  Chapter  1^ 

PART  ll) i  or  else  use  either  analytic  continuation  or  numerical 
Integration  of  the  differential  equation*  The  author  prefers 
analytic  continuation  to  numerical  integration*  — 

The  overlapping  region  between  convergent  and  asymptotie 
expressions  of  the  functions  narrows  and  the  accuracy  in  this 
region  worsens  as  the  order  v  or  q  of  the  functions  increases* 

The  same  is  true  regarding  the  accuracy  with  which  the  coeffi¬ 
cients  A^g  etc. j  of  the  asymptotic  expansions  (1*52)  and 
(1-53)  are  evaluated*  Fortunately,  as  the  order  increaseSi  the 
effect  of  the  higher-order  modes  on  the  final  results  diminishes 
euid  the  restrictions  of  accuracy  can  he  relaxed  progressively. 

The  preceding  remarks  show  that  the  accuracy  of  and 
is  not  the  same  for  all  values  of  ^  in  a  given  case*  It  may 
also  differ  from  thin  to  wide-angle  cones  in  the  same  medium* 

The  variation  in  accuracy  increases  the  sharper  the  stratification 
fiuiction  hecomes. 


Case  I  was  chosen  to  check  the  theory  by  comparison  with 
available  results  in  the  homogeneous  case  (5  p*  837»  15). 
Comparing  with  the  resiilts  plotted  in  figures  (3*3)  and  (3*4) , 
we  observe  a  remarkable  agreement.  For  ©^=  1°  and  2°,  the 
"pec^iar"  behaviour  of  R^^  at  the  second  and  third  maximum  and  of 
near£=  9  is  reproduced  here  in  almost  identical  fom  (3  p* 


The  same  is  true  about  the  behaviour  of  and  X^^  around 
their  maxima  for  0^=  53°  nnd  70°  (13).  In  case  I,  20  higher  order 
terms  were  retained,  i.e.  terms  up  to  and  including  q  ^  39  were 


kept*  The  accuracy  for  R^^  and  Xj^  is  of  the  order  of  O.lXo  »  even 
better  for  small  I*  In  the  impedance  tr^sformation  from  to 
Z^$  through  equation  (2-45) »  both  expressions  (2-12)  and  (2*19) 
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for  B^(x)  were  used»  yielding  identleal  res\;d.ts*  The  fOiif^er,  Ih 

teftna  of  the  aspaptotie  aeries  (^-9)  and  (2-lOi),  worked  very  well 

in  Gaae  in  all  other  cases  II  to  VI ,  (2-19)*  together  with 

(2-16)  and  (2*17) »  worked  better  and  was  used* 

for  Og=  39*  §3® »  the  difference  between  and  as  seen 

in  figure  (3*4)  i  is  very  small  for  1^4*  Thus ,  for  wide-angle 

cones i  Z|^  is  a  good  approxlaation  to  Z^  for  such  lengths. 

However,  for  i  4.4  the  difference  is  large,  becoming  larger  as  4 

decreases,  in  contrast  to  the  homogeneous  case  where  this 

difference  is  small  up  to  £  =  o  (6  pp»  41*43  *  13*  15)*  The  reason 

for  this  disagreement  was  explained  in  the  last  subsection  of  the 

preceding  chapter,  one  must  keep  more  internal  TM  modes  when 

£<4  and  solve  the  system  of  equations  (2*5?) * (2“58)  separately 

for  each  £.  This  holds  for  ©,=  30®,  55 ®»  70®  and  all  values  of  0 

o  0 

in  this  range.  Z^^,  as  plotted  in  figure  (3*4),  is  only  a  rough 
approximation  to  Z^  for  £<C4.  The  same  must  be  said  about  Zj^^* 
since  values  of  ^13  4re  not  available  for  comparison* 

The  number  of  hi^er  modes  retained  in  Cases  II  to  VI  was 
restricted  by  the  accuracy*  with  which  the  coefficients 
etCM  of  the  asymptotic  expansions  (1*52) * (1*53)  could  be 
evaluated*  With  8*decimal  machine  precision,  beyond  a  certain 
Qjjjax  (which  decreases  as  the  stratification  becomes  sharper)  *  it 
was  not  possible  to  evaluate  these  coefficients  with  any  reason* 
able  accuracy.  This  restriction  was  mentioned  previously.  It  did 
not  prove  to  be  a  serious  problem  in  the  cases  investigated  in 
this  research.  For  sharper  stratifications  one  can  use  double 
precision  arithmetic,  if  it  proves  necessary*  Beyond  a  certain 
£,  the  asymptotic  series  for  R^d)  can  be  used  for  the  direct 

evaluation  of  Z*  =  ^  wide*angie 

cones,  that  is  all  that  is  necessary  for  the  evaluation  of 
and  according  to  (2*84)  and  (2*93).  it  was  observed  that  for 

such  t,  In  general,  or  were  good  approxlmati^s  to  Z^* 
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Since  the  ccefficients  ^3  etc.*  afe  not  involved  any  more, 

the  nyaber  of  terms  retained  can  be  Increased  at  will  to  yield 
the  required  accuracy  for  such  ^ *  In  Gases  11  to  V,  iO  terms,  up 
to  and  including  q“39,  were  retained  in  this  region. 

We  give  below  q^.^*  the  order  of  the  highest  mode  retained 
for  thin  cones  and  wide«angle  cones  of  short  length. 


Case 

n 

« 

• 

%ax'" 

33 

Case 

111 

f* 

‘^max"’ 

2?  — 

Case 

IV 

0 

• 

"^ax" 

21 

Case 

V 

0 

« 

%ax“ 

23 

Case 

VI 

• 

• 

"^max" 

31  . 

Note  how  q^.^ 
max 

stratification 
1%  in  Gases  11 


drops  in  Gases  iv  and  Vj  characterized  by  a  sharper 
.  The  accuracy  of  the  final  results  is  better  than 
,  III,  VI,  about  1%  in  Gases  IV  and  V.  It  improves 


for  small  L  and,  for  wide*angle  cones,  beyond  a  certain  after 
which  it  was  possible  to  retain  more  modes,  as  explained  previous¬ 
ly.  For  thin  cones,  in  Gases  IV  and  v,  the  accuracy  becomes  worse 


than  1%  in  the  region  extending  roughly  between  f “3*4  and  ts4,2 


for  reasons  explained  previously.  Beyond  ^=4.2  it  improves,  as  the 
a83rmpt0tiG  series  for  R^(?)  becomes  more  accurate* 

In  general,  as  far  as  the  accuracy  of  the  final  results  is 


concerned,  the  number  of  modes  retained  is  not  as  critical  as  the 


accuracy  with  which  the  functions  are  evaluated.  In  Case  I,  even 
with  13  higher  modes  retained,  no  considerable  change  occured  in 
the  final  results. 

The  difference  2^^^-  for  ©^=39. 23°,  figures  (3"i2)  to 
(3»16) ,  is  small  beyond  i  =4,  but  large  for  4  for  all  Cases 
II  to  VI.  The  sane  remarks  as  given  for  Case  I,  apply  to  these 
cases  as  well. 

The  behaviour  of  as  is  in  conformity  with  the 
approximate  formulas  (2<*82)  and  (2*^95).  With  no  dissipation. 
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Case  li  R|=^0  as  In  diaaipative  media,  Gases  II  to  VI ,  it 

goes  to  infinity  and  at  a  faster  rate  as  the  dissipation  increases. 

Goncerning  the  more  important  effects  of  dissipation,  we 
observe  the  followings  fhe  Oiscillations  of  and  versns  i  are 
not  displaced.  The  maxima  and  minima  occur  at  almost  the  same 
values  Of  ti  quite  independently  of  the  profile  of  the  stratifi¬ 
cation.  Even  in  cases  II,  IV  and  VI,  for  example,  characterized 
by  quite  different  ^(x) ,  the  displacements  of  resonance  and  anti- 
resonance  in  are  negligible.  Thus,  even  in  stratified  media, 
the  electrical  length  of  the  antenna  is  an  important  characteristic 
quantity,  determining  its  properties  in  a  manner  quite  independent 
of  the  medium. 

However,  the  oscillations  are  dumped  as  the  dissipation 
Increases  and  R^^  and  X^  become  almost  constant  beyond  a  certain 
value  of  I.  fhe  effect  is  more  pronounced  and  occurs  at  shorter 
lengths  for  higher  dissipations  as  well  as  for  larger  These 
effects  have  been  observed  experimentally  in  dissipative  media 
(14).  By  increasing  the  length  of  the  antenna,  we  do  not  affect 
the  input  current,  hence  because  the  current  leaks  into  the 
medium  along  the  length  of  the  antenna  and  quickly  becomes 
negligible  away  from  the  center.  Beyond  this  point,  additional 
antenna  length  does  not  affect  the  current  distribution. 

For  similar  reasons,  in  stratified  media  the  value  of  the 
dissipation  in  the  immediate  vicinity  of  the  antenna  plays  a 
decisive  role  on  its  properties,  the  value  of  o  away  from  the 
center  having  practically  no  effect-  Such  effects  have  been 
observed  experimentally  (14).  They  can  be  seen  very  clearly  here, 
comparing  Case  VI  with  the  rest.  Looking  at  figure  (3^1),  we  see 
that  medium  VI  is  less  dissipative,  overall,  than  the  media  In 
Cases  IV  or  V,  for  instance.  However,  T(r)  starts,  at  r=0,  from 
a  higher  value  in  medium  VI  than  in  media  IV  and  V.  In  the 
immediate  vicinity  of  the  antenna,  medium  VI  is  more  dissipative 
than  medium  IV  or  Y.  The  above-mentioned  effects  of  dissipation 
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are  much  more  prohouftced  la  Case  VI  than  la  any  other  caeei 

Another  result  in  agreement  with  experiment  (14) >  concerns 
the  final i  almost  constant*  value  of  for  large  i*  is 
inductive  in  this  region,  its  value  getting  larger  as  the  dissi¬ 
pation  increases,  eompare  Case  vl,  especially,  with  the  rest* 

Ihe  preceding  ohservations  show  that,  in  dissipative  media, 
no  additional  useful  infomation  is  gained  by  extending  the 
computations  beyond  the  value  of  t,  after  which  becomes 
practically  constant.  Difficulties  in  evaluating  R^(?),  Rg(£) 
and  R^(i)  for  large  |1| ,  mentioned  previously,  are  avoided*  For 
higner  dissipations,  the  value  of  li  up  to  which  the  computations 
must  be  carried,  decreases. 

As  a  final  remark,  we  observe  that  the  whole  analysis  is 
based  on  the  assumption  that  the  stratification  function  f(r)  can 
be  approximated  by  a  certain  functional  dependence.  In  the  light 
of  the  results  obtained,  this  assumption  is  justified.  Cases  II, 
111  and  Iv  refer  to  media  for  which  f (r)  differs  from  case  to 
case,  but  not  much  and  keeps  the  same  general  form,  figure  (3-1). 

^(r)  in-between  f^^j  and  f^j*  3o  does  Z^^^,  varying  in 

all  cases  and  for  all  t  in-between  zj-  and  Z^^  and  quite  close 
to  them,  flgxwes  (3-3)  to  (3-11).  The  same  behaviour  is  observed 
in  Case  I,  if  the  comparison  is  made  with  homogeneous  media  for 

which  t/gpS  1  and  e/i^=  1.2  .  cm  be  considered  as  an 

approximation  to  these  homogeneous  media.  One  can  also  state  that 
in  a  dissipative  and  stratified  medium,  the  approximation  of  the 
actual  variation  by  the  assumed  f(r)  must  be  better  for  small  r 
(i.e.  in  the  immediate  vicinity  of  the  antenna)  than  for  large  r. 
Sven  large  discrepancies,  peourlng  away  from  the  center,  will  net 
affect  the  results. 
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FIG.  3-2  THIN  ANTENNAS  YT^lg  YfCT+iST, 
IN  OHMS  VS.  f.  IVEDIUM  I :  RIGHT  SCALE, 
I’CO^ro  MEDIA  I  TO  H  •  LEFT  SCALE, 


FIG.  3-4  MEDIUM  I  .WIDE-ANGLE  ANTENNAS 
Zio=Rio*iXio  IN  OHMS  VS.  f,  DOTTED  LINE. 
Zii=Rii+iXii  FOR  RpLEFT  scale, 

Xiv  RIGHT  SCALE 


0  2  4  6  8  10 

FIG.  5-5  0p  '/20.  MEDIA  E  TO  Zj^Rj^Xi, 
IN  OHMS  VS.  SCALE; 

Xi  :  RIGHT  SCALE 


FIG.  3-8  e,»  2®,  MEDIA  D  TO  H,  Z:i»Ri*iXi 
IN  OHMS  VS.  {“COporero  .Rj  ^  LEFT  SCALE, 
Xi- RIGHT  SCALE 


Rio(Ohiins) 


XifliOhms) 


FIG.  3-9  Go'SO'''  media  a  TO  m.  Zio*Rlo  + 
iX|(,  IN  OHMS  VS.  {=a;///fo78ro  Riq-  LEFT 
SCALE.  Xic,:  RIGHT  SCALE 


FIG.  3-10  9o=55°.MEDIA  ETDCT.  Zio*Rio+iXio 
IN  OHMS  VS,  f=a4W78ro.  Rio 'LEFT  SCALEs 
Xio' RIGHT  SCALE 


Rio  (Ohms) 


IN  OHMS  VS.  ^-CU^boTBro  ■  Rio'  LEFT  SCALE, 
Xio'RIGHT  SCALE 
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Ait  tataa  Camkriafa  Aaaaatik  Caatat 

IM  Aiwa*  Mtaat 

Oaniktiaot  II.  Mataaebaaatia 

AUat  CAW 

CatatMakar 

Alt  ratta  Cataktiaia  Aaaaatak  Caatat 
IM  Aikaa*  ••*••< 

Cataktia**  II.  Uaaaaabaaau* 

Alla:  CA  tU 


At  Caa>kfta«a  Aaaaatak  LaW 
Laotaaaa  6  Maaaaam  tiaW 
••aiatk.  Uaaaaakuaaiia 


Wrl|M  Atilai 
Obta 

AlIBi  WCAAH 


AF  •*•«•>  VaaaM*  Caatat 
Kirltaak  Alt  rare*  A*** 
Alkv^varaoa.  Ha*  ttaalta 
Alla.  AVOI 


11.  A.  Caatl  OMtk 
I  Ml  A  kltaai,  H  «■ 
Waablaalaa  It,  D  C 
Atta.  cIa 

W.  A.  Ktlaoaaub,  Chlal 
•vtiaM*  Cktti»aaaat  AtaMh 
Alatitaait  Vatlata  etalataa 
•laiMl  Catpt  A|*a*r 
VUia  «tB4*  Ftaota«  OtnuM 
Ha*  Haaica 

Ut.  A.  O.  Aaktaalaa 
•ifMl  Cat#*  Ualaaa  OlAta 
Mat*  Ualiioia  al  Taakaalafv 


•hall  Aail4ia« 
kl  Aaa  Aataailala 
AtM*a*la,  AalllM 


Acaaial'lah*  MAtat 
AktU  Aalaraac*  CaaMt 
Ailih«iaa  Hall  Aiaitaa 
Atliait**  >1.  Vltgiatt 

•taalatl  Aaaaatak  UaiMat* 
DacMiMMt  Caatat 
wthia  rttk,  Caltlataia 
Atta:  Maty  Laa  fiaM* 

Bt.  C.  H  rak** 

Dak*  •>  Alacitl«al  Aaalaaartaa 
Ctlilathi*  Uttilai*  at  Tathaalatf 
rataktaa,  Calitathia 

itahlail  Ala«tiaAl«a  lAk 
k*a(at«  Uaiaaially 
•taaiat*,  CtUlaiaia 
Alla  Datmaat  Uktkty 

A»|l>a4  Clatitaatat  Lak. 


Uktatua 

jahat  Hafkia*  Uaitattlly 

Dllli  FaalWtaai 
•tlli*.'.la  i,  ktairiaal 

bakitliaa  Labatalatf 
;*tMt  Ha»kiat  Uaitattiir 
Itll  li.  Aaai  litati 
Aaliiioara  I.  Uttylaak 

Dtitdat.  Uatala  Lakattiatr 
Wat*  latiiioit  al  Tttkaalair 
••«•**•,  Htiaatkotaiit 

Mt.  )aha  Ha*iil 

Daaatxtat  AaaM 
Aatttttk  Uk  aiCladiaAKt 
Matt  latiiioia  al  Tackmlafu 
CaihkM«|t  M.  WtttMkatailt 

AtalaiaarA  Vaa  H.ykal 
Mat!  laaiiiMa  *1  Tatkaalap 
l^k.  lat  Utaltilaa  Attaattk 
CawktMft  11.  MattachaaaHt 

Ltkrtty.  Aaatt>  A  III 
Uatala  Lakattiatr 

A  O  kaa  >> 

Laaia|laa  l|.  UattkCkataU* 


Uktatiaa  .  .  _ 

HhUaMl  AataM  H  AMaMHa  Ukrarr 
Aaam  Ml,  Nartkmat  AoiMla« 
Va*kla«iaa  II,  8.  C. 

UkrktUa 

U.  OatatMiaM  al  CaMHataa 
tUHaMl  Aataaa  al  •MkAatA* 

AaaMar,  CalataAa 

8a.  Aatl  Ckttoa 
HatlaMi  AacatUr  Affaaay 
PkvaUai  •alaa***  OioiMaA 
rati  Oaati*  MaaAa.  taarrMiA 

Or.  H  CatnrallM 
HallaMl  AatatHr  AAaact 
Fkyataal  Iciaacat  Oiotataa 
fart  Caa*«a  W*a4a,  MatyikaA 


Tataaa,  Tataaa 
A*»«Ml*  al  CMaa 
AIM;  Ftalaaaat  CM 


Mt.  8  •.  la*** 

DakarmaW  al  MalkaMatt** 

VMo.  Caitai*  al  Ha.  AMlIafAaWaa 
Kaala.  StallataaMt*,  Aa«laa4 

Aralaaaat  Faal  Aaaai  Mtia 
Oaaka  City  Ualoatally 
Dapt'  •*  Aa«la**rla«  aclaa*** 

II  HlakI  0«MM*kl  KttaMi 
Oaaka,  lapaa 

OsmUC  Wtaaaa 
Dapt  al  Alacitl**!  Aa«r. 

Uataaraliy  al  ArlkatN 
TM*aa  ll,  A«i*aM 

ftalaaaat  lataMta  A.  ••■#** 

Oto  al  AI*«l*Uki  AaiMaatlaf 
Vatoataiiy  al  CaiHataia 
Aarkalay  4,  CaUMiaia 

Fralaaaat  Chatla*  XtWal 

OapatiOTaa*  al  FAyaM* 

UaioataUy  al  Calllarala 
Aarkalay  I,  Calllarala 

•atiala  Uktaty 
AibiMai*  Uataataiir 
WaUkaaa,  MataackaaaH* 

Ftalaatat  H  0  Aaaka* 

•«kaal  al  Biacitltal  AafUaatiaA 
Cataall  Uatoatalip 
Akaa*.  Ha*  latk 

Ukraty,  e*U*«*  al  Aaplaaatiai 

Uaioarttiy  H*i|ki*  Ukaary 
Ualoatally  Naiikl* 

Ha*  Vatk  Ualoatally 
Ha*  Tatk  »l,  Ha*  Tatk 

K  A.  Ckiptaaa.  Uktatiaa 
Aaaaaalaal  FalMaakat*  UalWoM 
Atnat  Aaiaa  Hail 
Ttay,  Ha*  Vatk 

4  Aakati  FltAtay 

|tapan*>aal  al  Aaaiaiariag 

Cat*  Utlliaia  *1  Tatfcatitgy 
UMoattliy  Cittla 

ClaoalaiM  I,  Okia 

Bapt.  al  Aiacitital  Aa«iaaati*« 
Caaa  tetillola  *1  Tatkaalafy 
UMoattiiy  ClttU 
CNotlaaP  I,  Okta 
AIM.  •  Aaaly,  HaM 

Bt.  e  I  ralb*aka«k 
•tiallt  WaMatlal  Uaiiiaaa 
CaiaMkat.  OMk 

Alla  Blttitiial  tkpiaaatiai  Bloiati 
Uktatiaa 

•*•>***'1*4  Mkitty 
»**«•  Ualtatiily 
Fraoiaaa**,  AkaA*  ItiaaA 

PtaUitatA  V  liiailta 
Bapt.  *lll*(iri«al  Aapiaaartap 
Ualoaitiiy  *1  Taaai 
Aaaua  II.  Taaa* 

Ut.  VtllMta  Way 

baaaartk  Uktatiaa 
Taakar  laaiiotaaU*  Catp. 

>>•*  Ckkaaopt  AakUoarP 

MallyraatM  14.  CahlaraM 


VtlpW  Alt  OaTalapmaM  CaUai 
Wol*M  Aanotaaa  Alt  pate*  A* 
Okla  Ana.  «CAA 


Dt.  lak*  C  Al**ia 
Appllal  Fkyalta  ••*  PattUo  OtoiCc 
•patty  Uitrawaoa  AUtiraMt  Ca. 


PartMapatiif  4arllaa 

•alt*  •••••  Diriaiaa 
Hatal  ■•tttrek  Ukaralary 
Waahtapiaa  tt,  D  C 
Am:  Caaa  k4ll 


Ptalaiaat  K  C  Harkai 
Oapatimaal  *1  Fky*»«* 
WatMapiaa  Uaioaraliy 
•I  Laalt.  Uittkuti 


